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Traditional preventive maintenance policies, such as age replacement, periodic replacement under minimal repair, and replacement
policy N, are all studied based on the expected cost criteria without considering the management risk due to the cost variability.
As a result, these policies could be significantly beyond the anticipated maintenance budget allocation and lead to crisis. In order
to solve this problem, a new analysis methodology is proposed in this paper to consider the effects of both cost expectation and
cost variability on the optimal maintenance policy. A new concept of the long-run variance of the cost is defined to represent the
maintenance management risk, and then the objective function is revised accordingly to achieve an optimal cost-variability-sensitive
maintenance policy. Based on the proposed framework, three traditional preventive maintenance policies have been reinvestigated
and the effect of the variability sensitivity on the optimal policies is further analyzed, which reveals general management insights
and explicates the search bound of the optimal solution. An example is given to illustrate the importance and the effectiveness of the
proposed methodology. Compared with the traditional optimal maintenance policy, the numerical solution shows that the proposed
variability-sensitive optimal policies can significantly reduce the maintenance management risk with only a small increase in the
expected cost.

Nomenclature

µ = mean time to failure of an item;
a = preventive replacement interval;
r (t) = failure rate function of an item;
λ = cost-variability-sensitive factor;
A(N) = system availability under replacement policy N;
Ct = cost at time unit t ;
c1 = cost of an unexpected/failure replacement for the

age replacement policy;
c2 = cost of a scheduled/preventive replacement for

the age replacement policy;
cr = replacement cost in periodic replacement under

minimal repair and replacement policy N;
cm = minimal repair cost in periodic replacement under

minimal repair and replacement policy N;
S(a) = the mean of the length of the replacement cycle

for the age replacement policy.

∗Corresponding author

1. Introduction

Most of the preventive maintenance policies in the literature
are evaluated with only the expected cost criteria (Barlow
and Proschan, 1965; Fox, 1966; Glasser, 1967; Nakagawa
and Osaki, 1974; Zhang and Jardine, 1998; Liu et al., 2001).
However, it is generally more critical to consider not only
the expectation of the maintenance cost, but also the vari-
ability of the cost. For example, there are two maintenance
policies A and B. Under policy A, the maintenance costs
$10 000 per month. Under policy B, there is a 80% probabil-
ity of a zero cost and a 20% probability of a $50 000 cost for
each month. For both policies, the long-run average of the
costs are the same being $10 000 per month. If the mainte-
nance budget allocation is $10 000 per month, that will al-
ways be affordable under policy A. However, under policy
B, the large variability of the cost from one month to an-
other leads to a high management risk under the anticipated
budget allocation. As a result, policy A is preferable to pol-
icy B in terms of the budget allocation management because
the cost of policy A has less cost variability. The mainte-
nance cost variability is generally quite significant due to the
unexpected nature of failures. Reduction of this variability,
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as well as the expectation, of the cost will significantly bene-
fit from effective and efficient management of maintenance
cost.

The well-known approach to deal with the cost-
variability-risk features stems from the earlier work of
Markowitz (1959) on portfolio analysis, where both the
mean and variance of the cost are used to characterize the
problem. The idea of using variability-sensitive decision-
making is further adopted in the research area of the
Markov Decision Processes (MDPs). A detailed survey of
the related work in this area can be found in White (1988).
Some more recent research results in variability-sensitive
MDPs are given in Filar and Lee (1984) and Sobel (1985,
1994).

Although the variability-sensitive MDP has been studied
as a general topic, little research literature can be found for
the variability-sensitive maintenance policies. Using the dis-
counted cost criterion, Tapiero and Venezia (1979) treated
the variance of the cost as a risk factor to study a mainte-
nance problem with a fixed replacement cycle. In Tapiero
and Venezia (1979) the machine degradation is modeled
with a Markov chain whose transition probabilities are
proportional to the maintenance expenditure. Rangan and
Grace (1988) employed the variance optimization criterion
to obtain the optimal replacement cycle for systems subject
to shocks. However, there is no further discussion about the
effect of the variability sensitivity on the optimal policy in
Rangan and Grace (1988). Moreover, both of these works
consider only maintenance policies with replacement cycles
of equal lengths. With replacement cycles of equal lengths,
the variance of the cost can be simply defined based on the
variation of the costs from one replacement cycle to an-
other as in Tapiero and Venezia (1979) and Rangan and
Grace (1988). However, the lengths of the replacement cy-
cles may be different for a lot of preventive maintenance
policies such as age replacement and replacement policy
N. For these policies, the cost variation from one replace-
ment cycle to the next is no longer a reasonable risk index.
In order to study the cost-variability-sensitive preventive
maintenance policies, a general index of the cost variations
from one time unit to the next in a long-run cost stream
should first be defined.

In this paper, the cost-variability-sensitive polices are
fully investigated for some typical preventive maintenance
problems, such as age replacement, periodic replacement
under minimal repair, and replacement policy N to achieve
optimal maintenance management. The long-run variance
of the cost suggested by Filar et al. (1989) for general MDPs
is used in this paper to define the cost variation. After the
Introduction, the concept of the long-run variance of the
cost is introduced in Section 2, where a new cost-variability-
sensitive optimization criterion is defined. Sections 3 and 4
provide detailed discussions on the variability-sensitive op-
timal decisions for various maintenance policies, such as age
replacement, periodic replacement under minimal repair,
and replacement policy N. Comparison studies between the

traditional maintenance policies using the expected cost cri-
terion, which is called the variability-neutral policy in this
paper, and the optimal cost-variability-sensitive policies
have been conducted. It has been shown that for each of the
discussed preventive maintenance problems, the variability-
sensitive policy is more conservative. In other words, the
variability-sensitive policy tends to conduct more mainte-
nance actions with a lower cost for each action to avoid
the risk of the higher cost actions. A numerical example is
given in Section 5 to demonstrate the effectiveness and the
potential applications of the proposed maintenance policy.
Section 6 summarizes the paper and discusses future work.

2. Long-run variance of the cost

In order to study a variability-sensitive policy, the measure
of the cost variability needs to be first defined. Several mea-
sures of variability for stochastic processes with rewards
have been discussed and compared in Filar et al. (1989).
In this paper, the long-run variance measure recommended
by Filar et al. (1989) will be used. A discrete time scale is
considered. Let t = 1, 2, . . . denote the discrete time units,
and Ct (π ) denote the cost spent at time unit t under main-
tenance policy π . The time unit can normally be chosen as
a common time period such as a day, a week, a month, or
a year; and the cost variations among these individual time
units are considered by the decision makers. It is reasonable
to assume that the average lifetime of items is at least two
time units, i.e., µ ≥ 2; and the preventive replacement time
interval is at least one time unit, i.e., a ≥ 1.

The long-run variance of the cost under maintenance pol-
icy π is defined as:

V (π ) ≡ lim
T→∞

1
T

T∑
t=1

[(Ct (π ) − Φ(π ))2], (1)

where

Φ(π ) ≡ lim
T→∞

1
T

T∑
t=1

Ct (π ),

is the long-run average cost per unit time under policy π .
The variability-sensitive optimization problem is formu-
lated as:

min
π∈K

[(Φ(π ))2 + λV (π )], λ ∈ [0, ∞), (2)

where K is the class of the considered maintenance polices,
and λ is the cost-variability-sensitive factor. (Φ(π ))2 is used
instead of Φ(π ) in Equation (2) to make the units of the
two terms consistent. Since Φ(π ) ≥ 0, the policies minimiz-
ing (Φ(π ))2 must be the same as those minimizing Φ(π ).
Therefore, Equation (2) is equivalent to the traditional
cost-variability-neutral policy when λ = 0.

In Equation (2), λ can be interpreted as the relative weight
of variability as a function of the mean affecting the de-
cision. The intuitive meaning of λ ≤ 1 is that the decision
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maker considers that the improvement in variability has less
impact than the same degree of improvement in the mean
cost. In other words, the cost-variability is less significant
than the mean cost. Similarly, λ ≥ 1 means that the vari-
ability has a more significant impact than the mean cost on
the decision-making. We note that the most common intu-
ition of the decision makers is to consider the mean cost to
be more significant than the cost-variability. Therefore, the
decision makers should be cautious when they decide to use
a λ with a value greater than one. Only if the cost-variability
is of more concern than the average cost, is a choice of λ

with value greater than one reasonable.
Many preventive maintenance problems can be formu-

lated as a renewal process. For renewal processes, the follow-
ing result on the long-run variance of the cost is interesting
to note.

Lemma 1. Let

Ψ(π ) ≡ lim
T→∞

1
T

T∑
t=1

[
C2

t (π )
]
,

which is the long-run mean squared cost. For a renewal process
under a certain maintenance policy π, with Ct (π ) bounded
for all t > 0:

V (π ) = Ψ(π ) − (Φ(π ))2,

that is, the long-run variance of the cost is equal to the long-
run squared cost per unit time minus the square of the long-run
average cost per unit time.

Proof.

V (π ) = lim
T→∞

1
T

T∑
t=1

[(Ct (π ) − Φ(π ))2]

= lim
T→∞

1
T

T∑
t=1

C2
t (π )

− lim
T→∞

2
T

T∑
t=1

Ct (π )Φ(π ) + Φ2(π )

= lim
T→∞

1
T

T∑
t=1

C2
t (π ) − Φ2(π ) = Ψ(π ) − (Φ(π ))2.

For a renewal process with Ct (π ) bounded, both

lim
T→∞

1
T

T∑
t=1

C2
t (π ),

and

lim
T→∞

1
T

T∑
t=1

Ct (π ),

above are finite and well defined based on the renewal
theory. �

3. Optimal cost-variability-sensitive maintenance policy
for age replacement

3.1. Long-run average cost in age replacement

With an age replacement policy, the item is replaced either
at failure, or at a specific age a, whichever occurs first. We
assume that the cost of a failure/unexpected replacement
is c1 and the cost of a preventive/scheduled replacement is
c2. At each time unit, the item will either continue to work
with no cost or be replaced with a new item with a certain
cost. Thus, for age replacement:

Ct =




c1, unexpected/failure replacement at time t,
c2, scheduled/preventive replacement at time t,
0, the item is not replaced at time t.

(3)

The replacement costs should satisfy that 0 < c2 < c1. One
of the most common objectives for a variability-neutral de-
cision maker is to minimize the long-run average cost per
unit time. Let F be the cumulative distribution function
(cdf ) of the item’s failure time. Under the age replacement
policy, the long-run average cost per unit time is (Barlow
and Proschan, 1965):

Φ(a) = c1F(a) + c2F̄(a)
S(a)

, (4)

where Φ(a) is the long-run average cost of age replace-
ment with replacement interval a and S(a) = ∫ a

0 xdF(x) +
a

∫ ∞
a dF(x).

3.2. Long-run variance of the cost and the
variability-sensitive age replacement policy

The following two assumptions are first made for the
variability-sensitive age replacement policies:

Assumption 1. The probability that more than one failure
event occurs during one time unit can be ignored.

Assumption 2. r (t) is continuous and increasing (may not
be strictly increasing).

Corresponding to Equations (1) and (2), the variability-
sensitive criterion for the age replacement policy is:

min
a∈[1,∞)

[(Φ(a))2 + λV (a)], λ ∈ [0, ∞), (5)

where the long-run variance of the cost for the age replace-
ment policy with replacement interval a, denoted byV (a),
is:

V (a) ≡ lim
T→∞

1
T

T∑
t=1

[(Ct − Φ(a))2], (6)

where Ct is defined as in Equation (3).
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Considering each replacement as a renewal and C2
t as the

“cost” at each time unit, Ψ(a) can be evaluated based on the
renewal theory (Barlow and Proschan, 1965) as:

Ψ(a) ≡ lim
T→∞

1
T

T∑
t=1

C2
t

= E
[
“cost”

(
C2

t

)
during a replacement cycle]

E[length of a replacement cycle]

= c2
1F(a) + c2

2F̄(a)
S(a)

.

Further from Lemma 1, the following result 1 can be easily
obtained.

Result 1. For the cost of age replacement defined in
Equation (3), the long-run variance of the cost for age re-
placement can be represented by:

V (a) = Ψ(a) − Φ2(a). (7)

Remark 1. From result 1, it can be seen that the definition
of the long-run variance of the cost in age replacement is
analogous to the definition of the variance of a single ran-
dom variable, that is, Var(X) = E(X2) − E2(X) for a ran-
dom variable X .

Unlike the variability-neutral case, in general, the solu-
tion of the equation:

d
da

((Φ(a))2 + λV (a)) = 0,

is not unique and the optimal solution to the optimization
problem stated in Equation (5) is not necessarily unique
even if the failure rate r (t) is continuous and strictly increas-
ing. To find the optimal solution(s), a search through a = 1,
2, 3, . . . is needed to find the a∗ to minimize (Φ(a))2 + λV (a).
The following result 2 on the boundary of the optimal so-
lution is used to facilitate this search.

Lemma 2. For a > 0:

dΨ(a)
da

= (c1 + c2)
dΦ(a)

da
+ c1c2F̄(a)

S2(a)
. (8)

Proof.

dΨ(a)
da

= r (a)
(
c2

1 − c2
2

)
S(a) − F(a)

(
c2

1 − c2
2

) − c2
2

S2(a)/F̄(a)
, (9)

dΦ(a)
da

= r (a)(c1 − c2)S(a) − F(a)(c1 − c2) − c2

S2(a)/F̄(a)
. (10)

Equation (8) is followed by Equations (9) and (10). �

Let A(Φ) denote the set of all optimal solutions which
minimize Φ(a). A(λ1) and A(λ2) are used to denote the sets
of all optimal solutions which minimize the optimization
problem in Equation (5) with λ = λ1 and λ = λ2, respec-
tively. Note that infinity can be an element in all the above
defined sets.

Result 2. Let a∗
Φ ≡ inf A(Φ), and a∗ be an optimal solu-

tion of the optimization problem in Equation (5) with a
fixed λ. If λ > 0, then a∗ ≤ a∗

Φ. The inequality is strict if
a∗

Φ < ∞. Furthermore, let λ1 > λ2 ≥ 0, a∗
λ1

≡ inf A(λ1), and
a∗

λ2
≡ inf A(λ2), then a∗

λ1
≤ a∗

λ2
.

The detailed proof of result 2 is given in Appendix 1.
From result 2, the following two conclusions can be

obtained:

� Result 2 provides a search bound for the optimal so-
lution, that is, the search will only be conducted within
the interval [1, a∗

Φ], which significantly reduces the search
region. The traditional optimal replacement policy a∗

Φ is
generally easier to obtain than a∗ because it is known that
under assumption 2 the solution of dΦ(a)/da = 0 must
be the global optimum for Φ(a) (Barlow and Proschan,
1965).

� The optimal replacement interval under the variability-
sensitive policy tends to be shorter than that under the
traditional variability-neutral policy. In other words, the
variability-sensitive optimal policy tends to be more con-
servative than the traditional optimal policy. In addition,
the greater the cost-variability-sensitivity (correspond-
ing to a larger λ), the shorter is the preventive replace-
ment interval. This seems to be consistent with the intu-
ition that the maintenance risk can be reduced through
increasing the replacement frequency, i.e., the more fre-
quently the items are replaced, the lower will be the cost
variability. However, the strict proof of result 2 is not
trivial, and it is presented in Appendix 1. A numerical
example that will be presented in Section 5, will show
that, contrary to intuition, the cost variability is not sim-
ply a monotone increasing function over replacement
intervals.

From Barlow and Proschan (1965), if r (t) is continuous and
strictly increasing to infinity, a∗

Φ < ∞. Thus, the following
corollary of result 2 is obviously followed.

Corollary 1. There exists a finite optimal solution for the
optimization problem in Equation (5) if r (t) is continuous
and strictly increasing to infinity.

4. Two other preventive maintenance policies

In addition to the age replacement policy discussed above,
there are some other popular preventive maintenance poli-
cies in the literature such as periodic replacement under
minimal repair (Barlow and Proschan, 1965) and replace-
ment policy N (Lam, 1990). The variability-sensitive main-
tenance policies for both periodic replacement under min-
imal repair and replacement policy N will be discussed in
this section.
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4.1. Periodic replacement under minimal repair

In the maintenance policy of periodic replacement under
minimal repair a replacement is performed at the fixed times
a, 2a, 3a, . . . (a > 0) with a replace cost cr; while the min-
imal repair is performed with a cost cm for any interven-
ing failure. The replacement cycle under this policy has an
equal length of a. The maintenance decision is to select the
optimal replacement interval a.

Similar to the analysis for age replacement, the long-run
variance of the cost for periodic replacement under minimal
repair, denoted by VI(a), is defined as:

VI(a) ≡ lim
T→∞

1
T

T∑
t=1

[(Ct − ΦI(a))2], (11)

where ΦI(a) is the long-run average cost of periodic replace-
ment under minimal repair. The optimization problem is
defined as:

min
a∈(1,∞)

[(ΦI(a))2 + λVI(a)], λ ∈ [0, ∞). (12)

In addition to assumptions 1 and 2, the following assump-
tion is made for periodic replacement under minimal repair.

Assumption 3. For any meaningful policy a, we assume that:

ΦI(a) ≤ max(cr, cm)
2

.

This condition is generally true except for the extreme main-
tenance decisions under which a replacement or a failure
occurs every two time units. The reason for these exceptions
is that the defined length of the basic time units is too large.
Thus, the time unit should be reduced to a shorter length.

Since periodic replacement under minimal repair can also
be considered as a renewal process, Lemma 1 also holds in
this case. From the renewal theory, the long-run average
cost for periodic replacement under minimal repair can be
obtained as (Barlow and Proschan, 1965):

ΦI(a) = cm
∫ a

0 r (u)du + cr

a
.

And the long-run variance of the cost can be stated by
result 3.

Result 3. The long-run variance of the cost for periodic re-
placement under minimal repair can be written as

VI(a) = ΨI(a) − [ΦI(a)]2, (13)

where

ΨI(a) ≡ c2
m

∫ a
0 r (u)du + c2

r

a
.

Let B(ΦI) represent the set of optimal solutions which min-
imize ΦI(a), and B(λ1) and B(λ2) denote the sets of optimal
solutions to the optimization problem in Equation (12) with
λ = λ1 and λ = λ2, respectively. The bound of the optimal

variability-sensitive periodic replacement policy under min-
imal repair and the effects of the variability sensitivity on
the optimal policy can be seen from result 4.

Result 4. Let a∗
I be an optimal solution of Equation (12)

with λ ≥ 0, b∗
inf ≡ inf B(ΦI), b∗

sup ≡ sup B(ΦI); λ1 > λ2 ≥ 0,
a∗

I,λ1
≡ inf B(λ1), and a∗

I,λ2
≡ inf B(λ2). If cm > cr (or cm <

cr), then a∗
I ≤ b∗

inf (or a∗
I ≥ b∗

sup) and a∗
I,λ1

≤ a∗
I,λ2

(or a∗
I,λ1

≥
a∗

I,λ2
).

The detailed proof of result 4 can be found in Appendix 2.

Remark 2. Result 4 indicates that the variability-sensitive
optimal policy tends to be more conservative than the tra-
ditional variability-neutral optimal policy.

(i) When the minimal repair cost is higher than the replace-
ment cost, the variability-sensitive policy tends to in-
crease the replacement frequency. And the greater the
cost-variability-sensitivity (corresponding to a larger λ),
the higher the preventive replacement frequency.

(ii) Contrary to (i), when the replacement cost is higher than
the minimal repair cost, the variability-sensitive policy
decreases the replacement frequency, leading to more
chances for minimal repairs. Also the greater the cost-
variability-sensitivity, the lower the preventive replace-
ment frequency.

Corollary 2. If cm < cr, the necessary condition for the
variability-sensitive periodic replacement policy to have a fi-
nite optimal solution is that the variability-neutral problem
has a finite optimal solution. If cm > cr, the sufficient condi-
tion for the variability-sensitive periodic replacement policy
to have a finite optimal solution is that the variability-neutral
problem has a finite optimal solution.

4.2. Replacement policy N

The replacement policy N performs minimal repairs for
the first N − 1 failures and replaces the Nth failure. This
policy has been considered by Park (1979) and Nakagawa
(1984). In order to study variability-sensitive maintenance
under this maintenance policy, a more general replacement
model based on the following assumptions is developed by
extending Lam (1990):

Assumption 4. When an item fails, it is either repaired or
replaced. The decision to replace will be determined ac-
cording to replacement policy N.

Assumption 5. Let Xk be the failure time after the (k −
1)th repair, then {Xk, k = 1, 2, . . .} forms a sequence of
non-negative random variables with non-increasing means
E(Xk) = µk.

Assumption 6. Let Yk be the repair time (time spent on a
repair) after the kth failure, then {Yk, k = 1, 2, . . .} con-
stitutes a sequence of non-negative random variables with
non-decreasing means E(Yk) = ηk.
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Assumption 7. We extend Lam (1990) by considering the
replacement time (time spent on a replacement). Let ran-
dom variable Z be the replacement time whose mean is
E(Z) = γ > 0.

Assumption 8. The values for Xk, Yk, and Z are all integers.

Assumption 9. The repair cost per unit time is cm; the re-
placement cost per unit time under replacement policy N is
cr. Both cm and cr include the loss of earnings/rewards for
operating the system.

Assumption 10. For all concerned policies, the availability of
the system is greater than 50%. This assumption is generally
true for most real applications. If the obtained optimal pol-
icy gives a system availability of less than 50%, then either
the system is inadequate and a system redesign is required
or the optimization criterion is incorrect. A sufficient con-
dition for this assumption is µk ≥ max[ηk, γ ], ∀k.

Similar to the age replacement policy, the long-run vari-
ance of the cost for replacement policy N, denoted by
VII(N), can be defined as:

VII(N) ≡ lim
T→∞

1
T

T∑
t=1

[(Ct − ΦII(N))2], (14)

where ΦII(N) is the long-run average cost of replacement
policy N. The optimization problem is defined as:

min
N∈[1,∞)

[(ΦII(N))2 + λVII(N)], λ ∈ [0, ∞). (15)

Since replacement policy N results in a renewal process,
Lemma 1 also holds for replacement policy N. From the re-
newal theory, the long-run average cost under replacement
policy N can be obtained as:

ΦII(N) = cm
∑N−1

k=1 ηk + crγ∑N
k=1 µk + ∑N−1

k=1 ηk + γ
.

And the long-run variance of the cost can be stated by
result 5.

Result 5. The long-run variance of the cost for replacement
policy N can be written as:

VII(N) = ΨII(N) − (ΦII(N))2, (16)

where

ΨII(N) ≡ c2
m

∑N−1
k=1 ηk + c2

r γ∑N
k=1 µk + ∑N−1

k=1 ηk + γ
.

Similar to the arguments in Lam (1990), it is easy to see
that:

ΦII(N + 1) − ΦII(N) = (cm fN − crγ (µN+1 + ηN))/�N,

where

�N =
(

N+1∑
k=1

µk +
N∑

k=1

ηk + γ

)(
N∑

k=1

µk +
N−1∑
k=1

ηk + γ

)
,

and

fN = ηN

N∑
k=1

µk − µN+1

N−1∑
k=1

ηk.

Define gN ≡ γ (µN+1 + ηN)/fN , we have that:

1. {gN} is a non-increasing sequence;
2. ΦII(N + 1) ≤ (≥)ΦII(N) iff gN ≥ (≤)cm/cr;
3. the variability-neutral optimal policy N∗

0 is determined
by:

N∗
0 = min{N ≥ 1 | gN ≤ cm/cr}.

For the variability-sensitive optimal policy, let C(ΦII),
C(λ1), and C(λ2) be the sets of optimal solutions minimiz-
ing ΦII(N), the optimization problem in Equation (15) with
λ = λ1, and the optimization problem in Equation (15) with
λ = λ2, respectively. The bound of the optimal variability-
sensitive replacement policy N and the effect of the vari-
ability sensitivity on the optimal policy can be seen from
result 6.

Result 6. Let N∗ be the optimal variability-sensitive re-
placement policy with a fixed λ ≥ 0, c∗

inf ≡ inf C(ΦII),c∗
sup ≡

sup C(ΦII), N∗
λ1

≡ inf C(λ1), and N∗
λ2

≡ inf C(λ2). If λ1 >

λ2 ≥ 0 and cm > cr (or cm < cr), then N∗ ≤ c∗
inf (or N∗ ≥

c∗
sup) and N∗

λ1
≤ N∗

λ2
(or N∗

λ1
≥ N∗

λ2
).

The detailed proof of result 6 can be found in Appendix 3.
Similarly, result 6 suggests that the variability-sensitive

optimal policy is more conservative than the traditional
policy.

Corollary 3. If cm < cr, the necessary condition for the
variability-sensitive replacement policy N to have a finite op-
timal solution is that the variability-neutral problem has a
finite optimal solution. If cm > cr, the sufficient condition for
the variability-sensitive replacement policy N to have a finite
optimal solution is that the variability-neutral problem has a
finite optimal solution.

5. Numerical example

The age replacement policy is one of the most popular
preventive maintenance policies currently used in indus-
try. An example of a spot welding gun system is given to
illustrate the variability-sensitive age replacement policy. It
is assumed that the transition of the machine condition
is subject to the Markov chain model illustrated in Fig. 1
where state 1 is the good operating state, state 2 is the dete-
riorated state, and state 3 is the failure state. At the deteri-
orated state 2, a cooling subsystem failure, such as leakage,
leads to significant performance deterioration of the weld-
ing gun system, although the spot welding gun may still
work in this state. Therefore, the failure rate of the welding
gun will be significantly increased at state 2. The sojourn
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Fig. 1. A Markov chain failure model.

time distribution at state 1 follows a lognormal distribution
with cdf G(t). The sojourn time at state 2 is exponential
distributed with mean θ . State 3 is an absorbing state. The
initial failure rate of a welding gun under the good con-
dition is much smaller than that when the cooling system
fails. Thus, the initial failure rate is ignored in the following
analysis and the failure process of a spot welding gun can be
modeled with the Markov chain as shown in Fig. 1. Table
1 gives the parameters used in the Markov chain model.

The age replacement policy is used for the maintenance
of this spot welding gun. The analysis results are given
in Table 2 to compare the variability-sensitive optimal re-
placement policies with the traditional variability-neutral
replacement policy. The decision is based on the integer
values of the replacement interval.

From Table 2, it can be seen that the optimal replacement
intervals under the variability-sensitive optimal policies are
quite different from that under the traditional variability-
neutral optimal policy. The traditional policy decides that
the replacement should be performed only at failure time
(a∗ = +∞), while the variability-sensitive replacement pol-
icy suggests a preventive replacement at an early age (a∗ = 5
or 6 weeks). Comparing the long-run average costs, all three
policies have close values of Φ(a∗) as shown in Table 2.
The variability-sensitive policy results in only 5% (or 0.5%)
higher values of the long-run average cost than the tradi-
tional policy for λ = 0.2 (or λ = 0.02). However, the long-
run variance of the cost under the variability-neutral policy
is three to four times greater than that under the variability-
sensitive policies. Therefore, this example shows that the
variability-sensitive maintenance policy can significantly
reduce the cost variation with only a very small increase
of the long-run average cost.

Figure 2 is used to further understand the optimality of
the variability-sensitive maintenance policies. Policies A, B
and C designated in Fig. 2 are used to represent three typi-
cal maintenance policies with the replacement intervals be-
ing less than 5 weeks, equal to 5 or 6 weeks, and greater

Table 1. Parameters in the Markov chain model

Parameter name Value

Time unit 1 week
Mean sojourn time at state 1 (week) 5
Standard deviation of sojourn time at state 1 (week) 0.5
Mean sojourn time at state 2 (week) 25
Scheduled replacement cost ($000) 1
Unscheduled replacement cost ($000) 6

Table 2. Comparison between variability-sensitive policy and
variability-neutral policy

Optimal
replacement (Φ(a∗))2+
time (a∗) Φ(a∗) V(a∗) λV(a∗)

Variability-neutral +∞ 0.200 1.160 0.272
policy (λ = 0.2)

0.063
(λ = 0.02)

Variability-sensitive 5 0.209 0.219 0.088
policy (λ = 0.2)

Variability-sensitive 6 0.2009 0.362 0.048
policy (λ = 0.02)

than 6 weeks, respectively. When the preventive replace-
ment interval is greater than 5 weeks (policies B and C),
the long-run average cost (Φ(a)) is decreasing but quite flat
over the replacement interval a (a > 5). So from the aver-
age cost point of view, there is no significant difference to
choose between policies B and C. However, the cost vari-
ability is increased significantly from policy B to policy C.
Therefore, considering both the cost variability and the av-
erage cost, policy B should be chosen as the optimal policy
so that the cost variability is much smaller than policy C
and the average cost is still close to the minimum. Figure 2
also shows that the cost variability is not a monotone in-
creasing function over the replacement interval a, that is,
decreasing the replacement interval does not necessarily al-
ways reduces the cost variability. However, it is proved in
previous sections that the variability-sensitive replacement
policies are more conservative than the traditional optimal

Fig. 2. Average cost and cost variation for different replacement
intervals.
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Fig. 3. Simulated cost streams under different policies: (a) the cost streams under the variability-sensitive policy; and (b) the cost
streams under the variability-neutral policy.

policy, that is, variability-sensitive optimal policies will al-
ways have smaller replacement intervals than the respective
variability-neutral optimal policies.

Figure 3(a and b) compares the simulated cost streams
under the variability-sensitive policy and the variability-
neutral policy. This cost stream is one of the 10 000 gen-
erated cost streams using MATLAB. From Fig. 3(a and
b) it is easy to see that the variability-sensitive policy has a
more stable nature for the cost stream, while the variability-
neutral policy possesses a more unpredictable nature for
the cost stream. Furthermore, under the variability-neutral
policy, highly unexpected costs can be found during the
time periods from 100 to 150 weeks and from 200 to
250 weeks, which will lead to severe potential risks for
maintenance management under a given budget allocation.
Among the 10 000 cost streams generated, the variability-
sensitive policy leads to 0.54 unexpected/failure replace-
ments per 300 weeks of operations while variability-neutral
policy leads to 9.87 unexpected/failure replacements per
300 weeks of operations. Therefore, Fig. 3(a and b), show-
ing one unexpected/failure replacement for the variability-
sensitive policy and 13 unexpected/failure replacements for
the variability-neutral policy, can be considered as a typical
pattern of the cost streams for this example.

6. Conclusions and future work

A general analysis framework of the cost-variability-
sensitive maintenance decision-making is proposed in this
paper. Based on this framework, three popular preven-
tive maintenance policies: (i) age replacement; (ii) periodic
replacement under minimal repair; and (iii) replacement
policy N are reinvestigated. The bounds of the optimal
solutions for each maintenance policy have been proved.

To avoid the management risk created by maintenance ac-
tivities with unexpected higher costs, it is shown that the
optimal variability-sensitive policy always tends to con-
duct maintenance more frequently with a lower cost for
each action to avoid the risk of maintenance actions with
a higher cost. In this sense, the variability-sensitive poli-
cies are more conservative than the traditional maintenance
policies. This interesting property also explicates the search
bound for the optimal policy. Furthermore, the greater the
cost-variability-sensitivity (corresponding to a larger λ in
the optimization formulations), the more conservative will
be the optimal variability sensitive policy. An example for
the age replacement policy is given to illustrate the im-
portance of considering the cost variability effect on risk
management. Compared with the traditional optimal main-
tenance policy, the numerical solution shows that the pro-
posed variability-sensitive optimal policies can significantly
reduce the maintenance management risk with only a little
increase in the expected cost.

The new variability-sensitive maintenance framework de-
veloped in this paper for some typical preventive main-
tenance policies is general in nature and the potential
benefits of the variability-sensitive maintenance policy as
compared to traditional maintenance policies can be seen
clearly from the numerical example. In this paper, the cost
components are assumed to be known constants. How-
ever, in some applications there is significant uncertainty in
maintenance costs. Therefore, an interesting future devel-
opment would be to capture the cost uncertainty in the
proposed framework. Also of interest is the extension of
the variability-sensitive maintenance framework to more
complex maintenance polices such as condition-based pre-
ventive maintenance polices where more factors such as in-
spection cost and the failure detection capability can be con-
sidered in the more complex structure of the cost streams.
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Appendices

Appendix 1: Proof of result 2

To prove a∗ < a∗
Φ when a∗

Φ < ∞, first note that from result 1:
d

da
((Φ(a))2 + λV (a))

= (2Φ(a) − 2λΦ(a))
dΦ(a)

da
+ λ

dΨ(a)
da

. (A1)

From Lemma 2 and Equation (A1):
d

da
((Φ(a))2 + λV (a)) = (2Φ(a) + λ(c1 + c2)

− 2λΦ(a))
dΦ(a)

da
+ λc1c2F̄(a)

S2(a)
. (A2)

It is easy to show that for a∗
Φ < ∞:

∀a ≥ a∗
Φ,

dΦ(a)
da

≥ 0. (A3)

Also since µ ≥ 2 and ∀a ≥ a∗
Φ, we have:

Φ(a) ≤ Φ(∞) = c1

µ
<

c1 + c2

2
. (A4)

Equations (A2), (A3) and (A4) result that if λ > 0:

d
da

((Φ(a))2 + λV (a)) > 0, ∀a ≥ a∗
Φ.

Hence, a∗ < a∗
Φ when a∗

Φ < ∞.
To prove a∗

λ1
≤ a∗

λ2
with λ1 > λ2 ≥ 0, notice that a∗

λ1
≤ a∗

Φ

and a∗
λ2

≤ a∗
Φ. It is easy to see that

∀a ≤ a∗
Φ,

dΦ(a)
da

≤ 0. (A5)

Contrary to the conclusion, we suppose that a∗
λ1

> a∗
λ2

.
Then, Φ(a∗

λ1
) < Φ(a∗

λ2
). Further from:

(
Φ
(
a∗

λ2

))2 + λ2V
(
a∗

λ2

) ≤ (
Φ
(
a∗

λ1

))2 + λ2V
(
a∗

λ1

)
,

we have that V (a∗
λ2

) < V (a∗
λ1

). Thus:

0 ≤ (
Φ
(
a∗

λ1

))2 + λ2V
(
a∗

λ1

) − ((
Φ
(
a∗

λ2

))2 + λ2V
(
a∗

λ2

))
= (

Φ
(
a∗

λ1

))2 − (
Φ
(
a∗

λ2

))2 + λ2
(
V

(
a∗

λ1

) − V
(
a∗

λ2

))
<

(
Φ
(
a∗

λ1

))2 − (
Φ
(
a∗

λ2

))2 + λ1
(
V

(
a∗

λ1

) − V
(
a∗

λ2

))
.

That is, (Φ(a∗
λ1

))2 + λ1V (a∗
λ1

) > (Φ(a∗
λ2

))2 + λ1V (a∗
λ2

), which
contradicts with the fact that (Φ(a))2 + λ1V (a) achieves a
minimum at a∗

λ1
. Therefore, it can be concluded that a∗

λ1
≤

a∗
λ2

. �

Appendix 2: Proof of result 4

When cm > cr:
dΨI(a)

da
= c2

m

∫ a
0 [r (a) − r (u)]du − c2

r

a2

>
cm

(
cm

∫ a
0 [r (a) − r (u)]du − cr

)
a2

= cm
dΦI(a)

da
.

From result 3:
d

da
((ΦI(a))2 + λVI(a))

= (2ΦI(a) − 2λΦI(a))
dΦI(a)

da
+ λ

dΨI(a)
da

> (2ΦI(a) + λcm − 2λΦI(a))
dΦI(a)

da
.
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By assumption 3, ΦI(a) ≤ cm/2. Also, it is easy to see that
if b∗

inf < ∞, ∀a ≥ b∗
inf, we have dΦI(a)/da ≥ 0. Hence, ∀a ≥

b∗
inf we also have:

d
da

((ΦI(a))2 + λVI(a))

> (2ΦI(a) + λcm − 2λΦI(a))
dΦI(a)

da
≥ 0,

from which it follows that a∗
I < b∗

inf.
To prove a∗

I,λ1
≤ a∗

I,λ2
with λ1 > λ2 ≥ 0, note that a∗

I,λ1
≤

b∗
inf and a∗

I,λ2
≤ b∗

inf. It is easy to see that:

∀a ≤ b∗
inf,

dΦI(a)
da

≤ 0. (A6)

Contrary to the conclusion, we suppose that a∗
I,λ1

> a∗
I,λ2

.
Then, ΦI(a∗

I,λ1
) < ΦI(a∗

I,λ2
). Further from:

(
ΦI

(
a∗

I,λ2

))2 + λ2VI
(
a∗

I,λ2

) ≤ (
ΦI

(
a∗

I,λ1

))2 + λ2VI
(
a∗

I,λ1

)
,

we have that VI(a∗
I,λ2

) < VI(a∗
I,λ1

). Thus:

0 ≤ (
ΦI

(
a∗

I,λ1

))2 + λ2VI
(
a∗

I,λ1

) − ((
ΦI

(
a∗

I,λ2

))2 + λ2VI
(
a∗

I,λ2

))
= (

ΦI
(
a∗

I,λ1

))2 − (
ΦI

(
a∗

I,λ2

))2 + λ2
(
VI

(
a∗

I,λ1

) − VI
(
a∗

I,λ2

))
<

(
ΦI

(
a∗

I,λ1

))2 − (
ΦI

(
a∗

I,λ2

))2 + λ1
(
VI

(
a∗

I,λ1

) − VI
(
a∗

I,λ2

))
.

That is, (ΦI(a∗
I,λ1

))2 + λ1VI(a∗
I,λ1

) > (ΦI(a∗
I,λ2

))2 + λ1VI
(a∗

I,λ2
), which contradicts with the fact that (ΦI(a))2+

λ1VI(a) achieves a minimum at a∗
I,λ1

. Therefore, it can be
concluded that a∗

I,λ1
≤ a∗

I,λ2
.

When cm < cr:

dΨI(a)
da

= c2
m

∫ a
0 [r (a) − r (u)]du − c2

r

a2

<
cr

(
cm

∫ a
0 [r (a) − r (u)]du − cr

)
a2

= cr
dΦI(a)

da
.

From result 3:

d
da

((ΦI(a))2 + λVI(a))

= (2ΦI(a) − 2λΦI(a))
dΦI(a)

da
+ λ

dΨI(a)
da

< (2ΦI(a) + λcr − 2λΦI(a))
dΦI(a)

da
.

By assumption 3, ΦI(a) ≤ cr/2. Also, it is easy to see that
∀a ≤ b∗

sup, we have dΦI(a)/da ≤ 0. Hence, ∀a ≤ b∗
sup we

also have:

d
da

((ΦI(a))2 + λVI(a))

< (2ΦI(a) + λcm − 2λΦI(a))
dΦI(a)

da
≤ 0,

from which it follows that a∗
I > b∗

sup.

To prove a∗
I,λ1

≥ a∗
I,λ2

with λ1 > λ2 ≥ 0, note that a∗
I,λ1

≥
b∗

sup and a∗
I,λ2

≥ b∗
sup. It is easy to see that:

∀a ≥ b∗
sup,

dΦI(a)
da

≥ 0. (A7)

Contrary to the conclusion, we suppose that a∗
I,λ1

< a∗
I,λ2

.
Then ΦI(a∗

I,λ1
) < ΦI(a∗

I,λ2
). Further, from:

(
ΦI

(
a∗

I,λ2

))2 + λ2VI
(
a∗

I,λ2

) ≤ (
ΦI

(
a∗

I,λ1

))2 + λ2VI
(
a∗

I,λ1

)
,

we have VI(a∗
I,λ2

) < VI(a∗
I,λ1

). Thus:

0 ≤ (
ΦI

(
a∗

I,λ1

))2 + λ2VI
(
a∗

I,λ1

) − ((
ΦI

(
a∗

I,λ2

))2 + λ2VI
(
a∗

I,λ2

))
= (

ΦI
(
a∗

I,λ1

))2 − (
ΦI

(
a∗

I,λ2

))2 + λ2
(
VI

(
a∗

I,λ1

) − VI
(
a∗

I,λ2

))
<

(
ΦI

(
a∗

I,λ1

))2 − (
ΦI

(
a∗

I,λ2

))2 + λ1
(
VI

(
a∗

I,λ1

) − VI
(
a∗

I,λ2

))
.

That is, (ΦI(a∗
I,λ1

))2 + λ1VI(a∗
I,λ1

) > (ΦI(a∗
I,λ2

))2 + λ1VI
(a∗

I,λ2
), which contradicts with the fact that

(ΦI(a))2 + λ1VI(a) achieves a minimum at a∗
I,λ1

. Therefore,
it can be concluded that a∗

I,λ1
≥ a∗

I,λ2
. �

Appendix 3: Proof of result 6

From assumption 10:∑N−1
k=1 ηk + γ∑N

k=1 µk + ∑N−1
k=1 ηk + γ

≤ 50% ⇒ ΦII(N)

≤ max(cm, cr)
2

, ∀N. (A8)

When cm > cr:

ΨII(N + 1) − ΨII(N) =
{
c2

m fN − c2
r γ (µN+1 + ηN)

}
�N

>
cm(cm fN − crγ (µN+1 + ηN))

�N
= cm(ΦII(N + 1) − ΦII(N)).

Based on result 5:

(ΦII(N + 1))2 + λVII(N + 1) − [(ΦII(N))2 + λVII(N)]
= ((1 − λ)(ΦII(N) + ΦII(N + 1)))

× (ΦII(N + 1) − ΦII(N)) + λ(ΨII(N + 1) − ΨII(N))
> (ΦII(N) + ΦII(N + 1) − λ(ΦII(N)

+ ΦII(N + 1) − cm))(ΦII(N + 1) − ΦII(N)).

From Equation (A8), ΦII(N) + ΦII(N + 1) −
λ (ΦII(N) + ΦII(N + 1) − cm) > 0. Also, it is easy to see
that if c∗

inf < ∞, ∀N ≥ c∗
inf, then ΦII(N + 1) − ΦII(N) ≥ 0.

Hence, ∀N ≥ c∗
inf, we have:

(ΦII(N + 1))2 + λVII(N + 1) − [(ΦII(N))2 + λVII(N)] > 0,

from which it follows that N∗ ≤ c∗
inf.
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To prove that N∗
λ1

≤ N∗
λ2

with λ1 > λ2 ≥ 0, note that
N∗

λ1
≤ c∗

inf and N∗
λ2

≤ c∗
inf. It is easy to see that:

∀N ≤ c∗
inf, ΦII(N) − ΦII(N − 1) ≤ 0. (A9)

Contrary to the conclusion, we suppose that N∗
λ1

> N∗
λ2

.
Then, Φ(N∗

λ1
) < Φ(N∗

λ2
). Further, from:

(
ΦII

(
N∗

λ2

))2 + λ2VII
(
N∗

λ2

) ≤ (
ΦII

(
N∗

λ1

))2 + λ2VII
(
N∗

λ1

)
,

we have VII(N∗
λ2

) < VII(N∗
λ1

). Thus:

0 ≤ (
ΦII

(
a∗

1,λ1

))2 + λ2VII
(
a∗

1,λ1

) − ((
ΦII

(
N∗

λ2

))2

+ λ2VII
(
N∗

λ2

))
= (

ΦII
(
N∗

λ1

))2 − (
ΦII

(
N∗

λ2

))2 + λ2
(
VII

(
N∗

λ1

) − VII
(
N∗

λ2

))
<

(
ΦII

(
N∗

λ1

))2 − (
ΦII

(
N∗

λ2

))2 + λ1
(
VII

(
N∗

λ1

) − VII
(
N∗

λ2

))
.

That is, (ΦII(N∗
λ1

))2 + λ1VII(N∗
λ1

) > (ΦII(N∗
λ2

))2 + λ1VII

(N∗
λ2

), which contradicts with the fact that (ΦII(N))2 +
λ1VII(N) achieves a minimum at N∗

λ1
. Therefore, it can be

concluded that N∗
λ1

≤ N∗
λ2

.
When cm < cr:

ΨII(N) − ΨII(N − 1) =
{
c2

m fN−1 − c2
r γ (µN + ηN−1)

}
�N−1

<
cr(cm fN−1 − crγ (µN + ηN−1))

�N−1

= cr(ΦII(N) − ΦII(N − 1)).

Based on result 5:

(ΦII(N))2 + λVII(N) − [(ΦII(N − 1))2 + λVII(N − 1)]
= ((1 − λ)(ΦII(N − 1) + ΦII(N)))(ΦII(N) − ΦII(N − 1))

+ λ(ΨII(N) − ΨII(N − 1))
< (ΦII(N − 1) + ΦII(N) − λ(ΦII(N − 1)

+ ΦII(N) − cm))(ΦII(N) − ΦII(N − 1)).

From Equation (A8), ΦII(N − 1) + ΦII(N) − λ(ΦII
(N − 1) + ΦII(N) − cr) > 0. Also, it is easy to see that
∀N ≤ c∗

sup we have ΦII(N) − ΦII(N − 1) ≤ 0. Hence,
∀N ≤ c∗

sup:

(ΦII(N))2 + λVII(N) − [(ΦII(N − 1))2 + λVII(N − 1)] < 0,

from which it follows that N∗ ≥ c∗
sup.

To prove N∗
λ1

≥ N∗
λ2

with λ1 > λ2 ≥ 0, note that N∗
λ1

≥
c∗

sup and N∗
λ2

≥ c∗
sup. It is easy to see that:

∀N ≥ c∗
sup, ΦII(N + 1) − ΦII(N) ≥ 0. (A10)

Contrary to the conclusion, we suppose that N∗
λ1

< N∗
λ2

.
Then, ΦII(N∗

λ1
) < ΦII(N∗

λ2
). Further, from:

(
ΦII

(
N∗

λ2

))2 + λ2VII
(
N∗

λ2

) ≤ (
ΦII

(
N∗

λ1

))2 + λ2VII
(
N∗

λ1

)
,

we have VII(N∗
λ2

) < VII(N∗
λ1

). Thus:

0 ≤ (
ΦII

(
N∗

λ1

))2 + λ2VII
(
N∗

λ1

) − ((
ΦII

(
N∗

λ2

))2 + λ2VII
(
N∗

λ2

))
= (

ΦII
(
N∗

λ1

))2 − (
ΦII

(
N∗

λ2

))2 + λ2
(
VII

(
N∗

λ1

) − VII
(
N∗

λ2

))
<

(
ΦII

(
N∗

λ1

))2 − (
ΦII

(
N∗

λ2

))2 + λ1
(
VII

(
N∗

λ1

) − VII
(
N∗

λ2

))
.

That is, (ΦII(N∗
λ1

))2 + λ1VII(N∗
λ1

) > (ΦII(N∗
λ2

))2 +
λ1VII(N∗

λ2
), which contradicts with the fact that

(ΦII(N))2 + λ1VII(N) achieves a minimum at N∗
λ1

.
Therefore, it can be concluded that N∗

λ1
≥ N∗

λ2
. �
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