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State Space Modeling for 3-D Variation Propagation
in Rigid-Body Multistage Assembly Processes

Jian Liu, Jionghua Jin, Member, IEEE, and Jianjun Shi

Abstract—Dimensional variation propagation modeling is a
critical enabling technique for product quality variation reduction
in a multistage assembly process (MAP). However, the complex
inter-stage correlations make the modeling extremely difficult.
This paper aims to improve the existing techniques by developing
a generic state space approach to modeling 3-D variation prop-
agation induced by various types of variation sources in general
MAPs. A concept of differential motion vector (DMV) is adopted
to represent deviations with respect to four types of coordinate
systems and to formulate the variation propagation as a series of
homogeneous transformation among different coordinate systems.
Based on this representation and formulation strategy, a novel
generic mechanism is proposed to model the effect of variations
induced by part fabrication processes and a MAP. A case study on
3-D variation propagation in a panel fitting process is presented to
demonstrate the modeling and analysis capability of the proposed
methodology.

Note to Practitioners—This paper was motivated by the timely
need for effective variation reduction in a MAP. In such a process,
variations from fixtures, assembly operations, and individual
parts may be induced and propagated along assembly stages to
affect product dimensional quality. It is critical and challenging to
model complex variation propagation for identifying the variation
sources and improving product quality. Although commercial
products offer 3-D variation analysis functionality, there is no ex-
plicit model that links product/process design and product quality.
Some research has been done to model 3-D variation propagation
in multistage machining or assembly processes for 3-2-1 fixturing
schemes. However, variations induced by the features on pre-fab-
ricated parts are not explicitly considered. This paper developed
a generic modeling approach by using DMV representation.
Complex 3-D variation propagation is mathematically modeled
by a series of linear transformations of DMVs among four types
of coordinate systems, which are defined as general frameworks
for reference, fixtures, parts, and features on parts. The model
is represented in a state space model format, in which all system
matrices are explicitly defined through utilizing the available
product design and assembly process plan information. Physical
experiments are presented to validate the model in production.
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NOMENCLATURE

Number of stages in a MAP.

Number of parts to be assembled.

Number of fixtures used at stage .

Reference coordinate system.

Nominal, actual fixture coordinate system of
fixture at stage .

Part coordinate system of part .

Differential motion vector of w.r.t. .

Three datum features that compose the primary
datum surface of a fixturing scheme.

Two datum features that compose the secondary
datum surface of a fixturing scheme.

Tertiary datum surface of a fixturing scheme.

Datum feature , of
fixture at stage .

Local Coordinate System of datum feature “
.”

, , Three fixture locators touching the primary
datum surface of the part/subassembly.

, Two fixture locators touching the secondary
datum surface of the part/subassembly.

Fixture locator touching the tertiary datum
surface of the part/subassembly.

Fixture locator ,
of fixture at stage .

Local coordinate system of a feature that serves
as “ .”

Feature , that serves as
the th feature involved in calculating the th
Key Product Characteristic (KPC) measured
at stage .

Local Coordinate System of datum feature
“ .”

Function indicating the index of the part that
contains datum feature “ .”

Part coordinate system of the part that contains
datum feature “ .”

1545-5955/$26.00 © 2010 IEEE



LIU et al.: STATE SPACE MODELING FOR 3-D VARIATION PROPAGATION IN RIGID-BODY MULTISTAGE ASSEMBLY PROCESSES 275

Function indicating the index of the part who
is the th part on the subassembly located by
fixture at stage .

Part coordinate system of the part .

Number of KPCs measured at stage .

Number of features involved in calculating the
th KPC at stage .

Number of parts on a subassembly that are
located by fixture at stage .

I. INTRODUCTION

M ULTISTAGE assembly processes (MAPs) are widely
adopted in manufacturing industry to deliver products

with complex designated functionalities. In a MAP, parts or sub-
assemblies are assembled together through a series of operations
executed at multiple stages to form a final assembled product.
The quality of the final products is reflected by a set of mea-
surements of Key Product Characteristics (KPCs) which are de-
fined as dimensions referenced by the design datums or features
on different parts of an assembly. High quality KPCs can be
achieved when all parts are located in the correct design posi-
tions and orientations with respect to (w.r.t.) the six spatial de-
grees of freedom. However, due to imperfections in assembly
stages, e.g., fixture locators’ deviations from the nominal posi-
tions and/or part features’ deviations from the nominal geom-
etry, assembly errors may be introduced and cause random de-
viations of KPC measurements from their designated nominal
values. As some features generated in upstream stages of a MAP
are used as the datum features in downstream stages, these de-
viations will be propagated and accumulated, leading to large
variations on the KPCs of final assembled products, or even se-
vere interferences among parts and/or subassemblies.

Reducing the dimensional variations is an essential issue for
improving product quality as well as the productivity of a MAP.
It is greatly beneficial to develop a systematic variation reduc-
tion strategy by monitoring process consistency and identifying
the variation sources based on available online KPC measure-
ments. In order to implement this strategy, it is desirable to build
a generic mathematical model that directly links variation of
KPCs and that of the process variation sources.

With the rapid advancement of sensing and computer tech-
nology, online automatic measurement devices are widely im-
plemented to perform 100% inspection with tremendous data
streams [1]. However, complex interactions between KPC mea-
surements and potential process variation sources and the inter-
correlation among different assembly stages make it extremely
challenging to effectively utilize those data streams for the vari-
ation reduction purpose. Therefore, the development of a math-
ematical model, which can fully represent the quality-process
interactions and variation propagation, is considered as the first
critical step of variation reduction.

The recent decade has witnessed the development of variation
propagation modeling methodologies, which can be divided into
two categories: statistical modeling and engineering modeling.
Statistical modeling methods construct variation propagation
models from historical quality measurement data collected at all

stages in a MAP. Lawless et al. [2] and Agrawal et al. [3] inves-
tigated the variation transmission issues in multistage manufac-
turing processes by constructing AR(1) models in a state space
format. The estimated model coefficients are used to describe
the inter-correlation among the KPCs from two adjacent stages.
Based on KPC measurements, these statistical models assist
engineers in understanding inter-stage correlations among part
quality measurements. However, they limited their diagnostic
capability since the effects of the process variation sources on
KPC variations are not represented.

Different from statistical modeling techniques, engineering
variation propagation modeling is conducted based on engi-
neering domain knowledge, rather than measurement data. The
essence of engineering modeling is to mathematically represent
quality-process interactions and inter-stage correlation in a
series of equations based on product/process design, e.g., com-
puter-aided design (CAD) and computer-aided manufacturing
(CAM). For assembly processes, Mantripragada and Whitney
[4] proposed a concept of datum flow chain (DFC) to capture
the underlying datum logic, at an abstract level. Assembly
processes can be classified into two types: 1) Type-I, which
assembles parts together according completely to their prefabri-
cated mating features, e.g., furniture assembly; and 2) Type-II,
which achieves final assembly by welding or riveting parts
located by fixtures according to a predefined DFC, e.g., auto-
motive and aircraft body assembly. The method for modeling
the variation propagation in these two types of assembly process
was introduced by Mantripragada and Whitney [5] from a per-
spective of assembly structure design. However, the explicit
model derivation procedure was not discussed. Jin and Shi [6]
proposed state space modeling techniques for 2-D sheet metal
assembly, without taking into account the 3-D Type-I assembly
operation. A state space model was adopted by Huang et al. [7]
to model 3-D variation propagation in multistage machining
processes, with an approximate linearization strategy. Zhou
et al. further improved the modeling technique by providing
explicit expressions for deriving all system matrices in the
model. Differential motion vectors (DMV), a concept widely
used in robotics, was adopted as the state vectors to represent
the location and orientation deviations of KPCs [8]. Recently,
Huang et al. [9] developed a generic 3-D variation model for a
group of locating schemes.

Although 3-D variation propagation model has been signifi-
cantly improved, a more generic approach is still needed to over-
come their limitations. For instance, the method in [8] and [9]
can model a datum surface with a single feature. This is reason-
able for machining processes. However, in an assembly process,
a datum surface is often composed of multiple features on dif-
ferent parts. Modeling of this situation is not explicitly consid-
ered by [8] and [9]. Also, the definition of state vector is of great
importance to form a generic state space model. DMV compo-
nents of the state vectors used in [8] are for individual features.
If this definition strategy is adopted in modeling a MAP, the
number of parts and features is generally very large and thus
significantly increase the dimension of the state vector. Thus, a
new state vector needs to be defined to control the dimension of
the state vector. In [9], the state vectors are defined as a stack-up
of vectorial deviations of parts’ reference points. For different
stages, the definitions of state vectors are different. This strategy
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Fig. 1. Illustration of deviation transmission in a MAP.

makes it difficult to develop a generic procedure for deriving
system matrices at different stages. Finally, variations of fea-
tures on parts, including the features used as datum features,
mating features or the measurement features, are inevitable in
their fabrication processes. However, the impacts of this type of
variation sources are not explicitly modeled in [8] and [9].

In this paper, a generic state space modeling method is devel-
oped to mathematically describe 3-D variation propagation in a
general rigid-body MAP. Differential Motion Vectors (DMVs)
are adopted to represent the random deviations of parts as state
vectors, and that of variation sources as input vectors. The
physics of variation induction and transmission are described
by a series of control matrices and dynamic matrices. These
model coefficient matrices are derived as the functions of the
product and process design parameters, according to a series
of lemmas and corollaries. The lemmas and corollaries provide
a generic basis for describing a wide variety of assembly
processes and modeling more variation propagation scenarios,
such as the variation induced by part fabrication processes,
which cannot be modeled by the existing modeling techniques.

The state space model has great impacts on systematic vari-
ation reduction. First, the proposed model mathematically links
the random deviations of the inputs, the variation sources, with
the outputs, the quality of KPCs. Based on the given product/
process variation information, the model can be used to explic-
itly derive the means and variances/covariance of KPCs. Al-
though the same functionality can be implemented by the soft-
ware packages [10]–[12] that are built upon commonly accepted
GD&T standards[13] and computer-aided tolerancing method-
ologies [14], [15], the explicit process-level models are not pro-
vided to users. As a result, a time-consuming Monte Carlo (MC)
simulation has to be conducted to estimate the KPC distribution
parameters. Second, although some commercial tool provide a
model to describe the process input/output relationship, they are
often generated with “MC-based simulation tool” for a given
process design [9]. Moreover, model coefficients are not ex-
plicitly linked with the product/process design parameters. The
process-specific model can only be used to benchmark various
process options and to identify the best one among the trials.
The proposed state space model explicitly represents the model
coefficients as functions of product/process design parameters,
such as fixture configuration and process sequencing. This ex-
plicit representation can be further applied in optimal design of
products and processes, such as system-level fixture layout de-
sign. Thus, it creates tremendous potentials for improving the
quality of MAP design. Finally, the model can also be used to
conduct process diagnosis and sensor placement optimization,

where classical concepts from the control theory, such as the
“observability,” can be applied to solve the problem.

The remainder of this paper is organized as follows: Section II
introduces the mathematical representations of various types of
deviations in a MAP. The detail modeling procedure is pre-
sented in Section III. A case study of a real-world MAP is pre-
sented in Section IV to validate the proposed model in analyzing
dimensional variation of product quality. Concluding remarks
and potential applications of the proposed modeling technique
are discussed in Section V.

II. GEOMETRICAL REPRESENTATION

An assembly process is used to attach interchangeable parts
together in a sequential manner to create a finished product with
complicated structure that cannot be obtained by other fabri-
cation processes. Depending on the complexity of the product,
an assembly process consists of multiple stages, each of which
assembles two or more parts and/or subassemblies that are lo-
cated by either fixtures or matting features on other parts. If any
deviation occurs on a fixture locator, or a matting feature, di-
mensional deviations will be generated on some features of the
subassembly. These faulty features will transmit the deviations
to downstream stages through DFC. At some stages, KPC mea-
surements are taken to monitor product quality. This series of
KPC measurements data carries all the information of process
deviations and their transmission along multiple stages, as illus-
trated by Fig. 1. To study the nature of this complicated devia-
tion transmission, it is necessary to mathematically represent all
types of deviations.

A. Coordinate Systems Definition

There are three types of elements involved in the deviation
transmission: fixtures, parts located by fixtures, and features on
parts. Describing their geometric deviations and interrelation-
ship is essential for variation propagation modeling. These de-
viations can be defined w.r.t. four types of different coordinate
systems (CS).

Definition 1: The reference coordinate system (RCS) defines
a reference frame in which the physical location and orientation
of any element of a MAP can be exactly specified. An RCS
coincides with the machine coordinate system of the measuring
system, e.g., coordinate-measuring machine.

In this paper, the RCS (marked as in Fig. 2) is
assumed to be error free and unchanged for the entire process.

Definition 2: A fixture coordinate system (FCS) is rigidly
associated with a fixture that locates a part/subassembly. The
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Fig. 2. Illustration of 3-2-1 fixturing scheme and CS definition. (a) General 3-2-1 fixturing scheme. (b) Pin-hole fixturing scheme.

origin of a FCS is at the intersection of the three datum sur-
faces (or their extensions) of the located part/subassembly. The

-axis is normal to and pointing from the primary datum (PD)
surface and the -axis is normal to and pointing toward the
secondary datum (SD) surface. The -axis is normal to and
pointing toward the tertiary datum (TD) surface.

Two commonly used 3-2-1 fixturing layouts are considered
in this paper. As shown in Fig. 2(a.1), a general 3-2-1 fixturing
scheme confines the six degrees of freedom of a subassembly
by supporting its PD (EFGH) with three locators , , and

, its SD (FKMG) with two locators and , and its TD
(EFKJ) with a locator . A common alternative of it is the
pin-hole fixturing scheme, as shown in Fig. 2(b.1). The three
locators attaching SD and TD are replaced by a four-way pin
inserted in a hole, and a two-way pin inserted in a slot. The
FCSs (marked as in Fig. 2) of these two layouts
are defined accordingly.

Definition 3: A part coordinate system (PCS) is rigidly asso-
ciated with an individual part. The origin of a PCS is at the in-
tersection of the three datum surfaces (or their extensions) of a
part. The -axis is parallel to the norm of the PD surface and the

-axis is normal to and pointing toward the secondary datum
surface. The -axis is determined according to the right-hand
rule (RHR).

PCS is the foundation that establishes the orientation, align-
ment, and origin of the part inspection. It provides the frame in
which locations and orientations of features are referred. Each
individual part is assigned with a unique PCS, such as part A
(marked as ) in Fig. 2.

Definition 4: A local coordinate system (LCS) is rigidly as-
sociated with a part feature. The origin of a LCS is the geometric
center of a feature. The -axis coincides with the norm of the
feature surface. The -axis and the -axis are defined in a plane
that is perpendicular to the -axis, with their positive direction

determined according to RHR. For simplicity, these three axes
of a LCS can be set to be parallel to that of the corresponding
PCS, if applicable.

According to their functional roles in a MAP, part features can
be classified into three categories. 1) Datum features or compo-
nents of datum surfaces, for instance, in Fig. 2(a.2) and (b.2),
surface features p1 (denoted as in Fig. 2), p2
and p3 compose the PD of the subassembly, surface features s1
and s2 compose the SD, and surface feature t serves as the TD.
These datum features will induce deviations from upstream as-
sembly stages or part fabrication processes. 2) Matting features,
which serve as fixture locators to locate other parts/subassem-
blies. 3) Measurement features, for instance, features s1 and s2
in Fig. 2(b.2) also serve as the components of a KPC, which is
defined as the distance between the center of the hole, s1, and
that of the slot, s2. To construct the model, a LCS will be as-
signed to every feature that serves above two functional roles.

In this paper, a structured notation scheme is defined to de-
note the four types of CSs. It is considered that a MAP with
stages is used to assemble parts together to form a product.
There is only one RCS for the entire MAP and it is denoted as
“ .” There are fixtures used at stage .
The nominal FCS of fixture used at stage is denoted as
“ ” ( ), whereas “ ” denotes the actual
FCS, which may deviate from the nominal one due to the fix-
ture errors. Corresponding to three types of features defined in
the paper, there are two types of LCS representation. “ ”
( ) denotes the LCS of a feature that
serves as the datum feature “ ” of fixture at stage . “ ”
( ) denotes the LCS of a feature
that serves as the fixture locator “ ” of fixture at stage .
“ ” ( ) denotes the LCS of a feature
that serves as the th feature involved in calculating the th
KPC measured at stage . is the total number of features
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involved in calculating the th KPC at stage . The PCS of part
( ) is denoted as . The association between

features and parts can be identified with an indexing function

part index feature index (1)

For instance, ( ) gives the index of the part that contains
feature “ .”

B. Vectorial Deviation Representation

Based on the definitions of CSs, the deviation of an element in
a MAP can be represented as the deviation of its actual CS w.r.t.
to its own or another CS, such as a PCS or the RCS. The
linear transformation between these CSs can be mathematically
represented as a vector [16].

The position and the orientation of an element can be defined
by a vector that consists of a location vector and an orienta-
tion angular vector w.r.t. a certain CS. For instance, can
be defined w.r.t. , as , where

and . This indicates that the pro-
jections of on , , and are , respec-
tively. The orientation of axes , , and can be obtained
by sequentially rotating around , (after the first rota-
tion) and (after the second rotation) with Euler angles of ,

, and , respectively. For instance, the Euler angles of part
A ( ) w.r.t. reference ( ) are , ,
and , as shown in Fig. 2(a.1). With this mechanism, the
interactions among features, parts and fixtures in a MAP can be
described with the geometrical relationships among their CSs,
by directly using homogeneous transformation matrix (HTM).
Assuming that the vectorial representation of w.r.t. is

, the HTM, as a function of , is defined as

(2)

where, as shown in (3) at the bottom of the page, is a rotation
matrix of the orientation vector, ; “ ” and “ ” denote “ ”
function and “ ” function, respectively.

Based on the CS definition, the deviations of the three ele-
ments in a MAP can be represented by DMVs [17] defined in
their own nominal CSs. For instance, the deviation of w.r.t.

is represented as , where contains
three small translational deviations ( , and ) and

contains three small rotational deviations ( , and
). Also by using HTM, deviations of a part, e.g., part A, can

be mathematically described by .
In this paper, the induction, transmission and accumulation of

deviations are modeled as a series of homogeneous transforma-
tions w.r.t. different CSs. These transformations are nonlinear

in nature due to the involvement of DMVs. Based on the as-
sumption that magnitudes of DMV elements are small, these
nonlinear transformations are linearized by the following lemma
(Zhou et al. [8]).

Lemma 1: Considering a general transformation between
three CSs, , , and , given the coordinate vectors
of and and the DMVs of and , the DMV of can
be derived by using HTM of . By
neglecting higher order small values, the transformation can be
linearized as

(4)

where

The skew symmetric matrix is determined by the nominal
location vector ( ) as

(5)

This transformation can be used to derive the deviation transi-
tion among different CSs. For instance, given the deviation of a
feature ( , ) w.r.t. a part ( , ), and the devi-
ation of the part w.r.t. reference ( , ), the deviation of the
feature w.r.t. reference can be derived from the nominal loca-
tion and orientation of the in , as defined in (4).

III. STATE SPACE MODELING FOR MAP

Variation propagation modeling is a procedure of describing
the random deviation transition among different CSs. The
model coefficients are determined by the part design, process
sequences, fixturing schemes and geometric relationships
among fixture locators, parts, and features on the parts. The
entire modeling can be constructed by three steps: 1) modeling
the deviation components, 2) modeling deviation propagation,
and 3) modeling deviations of measurements, which will be
discussed in the following three subsections.

A. Modeling Deviation Components

At stage of a MAP, overall dimensional deviations consist
of components that are contributed by three types of sources.

1) Assembly Process Induced Deviations: Including the de-
viations of fixture locators and operation deviations. Operation
deviations are caused by the devices performing assembly op-
eration after the part/subassembly being located by the fixtures.
Thus, this type of deviations is represented as the deviation of a
PCS w.r.t. the actual FCS, i.e., . As discussed by Camelio

(3)
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et al. [18], operation deviation is a composition of many possible
deviation sources, which are quite dependent on particular oper-
ation situation. Detailed modeling of certain types of operations
has been thoroughly studied at single-stage level in [19]–[21].
To simplify the problem and focus on the variation propagation
modeling of rigid body assembly processes, this paper assumes
that the operation deviations are given as modeling inputs.

It is considered that there are fixtures used at stage
to locate parts/subassemblies. Each fixture, as illustrated in
Fig. 2(a), is made up of six fixture locators. The coordinates
of in are , , and

that of are , where .
For the fixture scheme in Fig. 2(b), five locators are used and
can be described with a similar format. According to the fun-
damental requirement on deterministic localization, parts/sub-
assembly datum surfaces must be in contact with fixture locators
at locating points. This means that the deviation of the parts/sub-
assembly is equivalent to that of the fixture and can be described
by the kinematics of the fixture system. Thus, fixture induced
deviations are represented as the deviation of w.r.t. ,

i.e., . These deviations are caused by small deviations of
fixture locators, denoted as

(6)

Analytical research has been conducted by Cai et al. [22] to
study the infinitesimal error of rigid body fixturing scheme.
Based on their results and the fixture error analysis strategy in
[8], fixture induced deviation is modeled as a linear transfor-
mation of the fixture locator deviations

(7)

where the coefficient matrix is derived according to the
geometric configuration of the fixture, i.e., coordinates of the
six locators. It completely characterizes the kinematics of a fix-
ture system. The matrices under two different fixturing
schemes are given in Appendix I.

In a generic Type I assembly process, it is not unusual to use
matting features on some parts as fixture locators to locate other
parts. In such cases, in (7) should be derived from the
deviations of matting features w.r.t. .

Lemma 2: If the function of fixture at stage is imple-
mented by matting features, the deviations of fixture locators
can be derived as

(8)

where is a selector matrix, i.e., ,
and is an 1 6 vector with

the th element equal to 1 and others equal to 0;

is a stack-up of DMVs of the
six matting features w.r.t. the PCSs of the parts that contains
them;

is a stack-up of the
DMVs of the six parts w.r.t. RCS. is a diagonal block
matrix, i.e.,

(9)

Proof: Given the DMV of a matting fea-
ture w.r.t. the PCS of the part that contains it,

), and the DMV
of a PCS w.r.t. the RCS, , the DMV of that matting
feature w.r.t. the RCS can be derived by applying Lemma 1, i.e.,

. The DMV of that
matting feature w.r.t. the nominal FCS can be further derived
by applying Lemma 1, i.e., .
It is rational to assume that has no deviation w.r.t. RCS,

i.e., DMV , thus

(10)

For each matting feature, only the deviation along one direction
will cause the deviation of the fixture system. Thus, an 1 6
selector vector is used to select the particular directional

deviation from . For instance, is obtained from

the third element of , i.e., .
There are six matting features serving as fixture locators. Thus,
it is straightforward to stack up (10) and the selector vector
to get (8).

2) Datum Features Induced Deviations: Including the datum
features deviations modeled as the deviations of the actual FCS
w.r.t. the RCS, which are caused by preceding assembly pro-
cesses [or called reorientation induced deviation [6], as the de-
viation of subassembly BC shown in Fig. 3(b)], and that caused
by the part fabrication processes [as the deviation of slot feature
on part A in Fig. 3(b)].

The datum scheme corresponding to a general 3-2-1 fixture
at stage is illustrated in Fig. 2(a). The PD is composed of three
features: , , and , which are in touch with loca-
tors , and at datum points , , and , respectively.
The SD consists of two features, and , touching lo-
cators and at datum points and , respectively. The
TD is denoted as , which touches locator at datum point

. Therefore, the datum feature induced deviation can be mod-
eled as the deviation of the actual FCS w.r.t. the RCS, which is
given by Lemma 3.

Lemma 3: For fixture at stage , given the DMVs of the six
datum features w.r.t. RCS, , , , ,

, and , datum induced deviations are modeled as
the deviations of w.r.t. , and can be derived as

(11)

where through are determined by the nominal lo-
cation of the six datum points, through , and that of fixture
locators, as shown in Fig. 2(a.2). The derivation procedure of

through can be found in Appendix II.
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Fig. 3. Illustration of deviation sources in a MAP.

Fig. 4. Procedure of derivation of deviation propagation model.

3) Noises: Including the system noise that cannot be mod-
eled with the linear state space representation and the noises in-
troduced by measurement devises.

B. Modeling Deviation Propagation

Based on the geometric deviation representation of three ele-
ments in a MAP, and the modeling of deviation components that
induced by datum features and fixture locators, variation prop-
agation can be described in a state space model. As denoted in
Fig. 1, the deviation of an assembly after stage is represented
by a state vector , which is a stack-up of the DMVs of all
parts assembled. With the deviation of part at
stage being represented as a 6 1 DMV, , the state vector
of parts will be . It is the
DMVs of parts, not that of features, that compose a state vector.
Thus, the dimension of a state vector will only be determined by
the number of parts in a MAP, i.e., , no matter how many
features are considered. This strategy prevents the dimension of
state vectors from significantly growing when a large system is
modeled. Before the first stage, there is no process operated and
therefore no deviations, i.e., . As parts or subassem-
blies passing through a MAP, the elements of corresponding
to the assembled parts may be changed to reflect their quality
deviations, whereas those elements corresponding to unassem-
bled parts remain zeros.

Denoting as the state vector after stage , all de-
viations induced by part fabrication processes and the assembly
process performed at stage as , and deviations of in-process
KPCs measured at stage as , the variation propagation in a
MAP can be formulated in a linear discrete state space model

(12)

where represents the deviations transmitted from up-
stream stages by reorientation movements; represents the
deviations introduced from stage ; reflects that the KPC
deviations are calculated from the linear combination of ; the
KPC deviations contributed by the part fabrication processes are
captured by ; and are the unmodeled system noise
and measurement noise, respectively.

Lemma 3 and (7) provide the basis for modeling deviation
propagation at a multistage level. It is a procedure of deriving
system matrices in the state transition equation of (12). Fig. 4
shows six major steps of deriving the system matrices and

, which are discussed in details as follows.
S1 Modeling initial deviations of datum features. For a part/
subassembly located at stage , the initial deviations of
datum features can be derived by the following lemma.

Lemma 4: For a part/subassembly located by fixture at stage
, the initial deviations of datum features are represented as the

DMVs of features w.r.t. the RCS, and can be derived as

(13)

where

; ,
, is a diagonal block matrix with six diag-

onal blocks ; the selector matrix is determined
by the datum scheme defined in the process design, and

(14)

where is a matrix consisting of
submatrices with the dimension of 6 6, and the

th submatrix is an identity matrix and others
are zero matrices; is the state vector of stage
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;

.
Proof: Given the DMV of a datum feature w.r.t. the PCS

of the part that contains it, ,
and the DMV of the PCS w.r.t. RCS, , the DMV of the
datum feature w.r.t. RCS can be derived by applying Lemma 1,
i.e.,

(15)

The deviation of the PCS is transmitted from stage ; thus,
is selected from , i.e.,

(16)

There are six datum features involved with fixture at stage .
Thus, it is straightforward to stack up in (15) to form
diagonal matrix , and to stack up in (16) to form
the selector matrix .

Lemma 4 indicates that the initial deviations of datum fea-
tures are contributed by two sources: the part deviations gen-
erated at the preceding stages and that generated when the in-
coming parts are fabricated. The initial deviations of datum fea-
tures modeled by (13) can be expanded to all fixtures used
at stage .

Corollary 4.1: The initial deviations of datum features cor-
responding to all fixtures can be derived as

(17)

where ,

,

, .
Please note that in (17), ,

and .
S2 Modeling reorientation deviations. The reorientation
deviations are caused by the initial deviations of datum
features. These deviations can be derived by substituting

in (13) for that in (11).
Lemma 5: For fixture at stage , the reorientation deviations

are modeled by DMV of w.r.t. , and can be derived as

(18)

where
for general 3-2-1 fixturing scheme, or

for the pin-hole
fixturing scheme.

Corollary 5.1: The datum induced reorientation deviations
for all fixtures at stage are

(19)

where ,

, and .
S3 Modeling fixture induced deviations. The fixture in-
duced deviations are caused by the deviations of fixture
locators.

Lemma 6: For fixture at stage , fixture induced deviations
are modeled by DMV of w.r.t. , and can be derived as

(20)

where .
Proof: For fixture at stage , the DMV of w.r.t.

can be derived by substituting in (6) or (8) for that in(7).
The DMV of w.r.t. can be achieved by applying Lemma

1, i.e., . In this paper, are
assumed to be deviation-free, i.e., . Thus, we have

.
This lemma can be expanded to all fixtures at stage .
Corollary 6.1: The fixture induced deviations for all fix-

tures at stage are

(21)

where ,

, and
. Please note that

and .
S4 Modeling overall fixturing deviations. The overall fix-
turing deviations are caused by both the datum induced
deviations and the fixture induced deviations, and can be
derived by applying Lemma 5, Lemma 6, and their corol-
laries.

Lemma 7: The overall fixturing deviations of fixtures at
stage are modeled as DMVs of w.r.t. and can be
derived as

(22)

where . Please note

that , , .
S5 Calculate overall deviations at stage . The overall de-
viations at stage are the combination of the overall fix-
turing deviations and the operation deviations.

Lemma 8: It is assumed that there are parts forming a
subassembly, which is located by fixture at stage . Please
note that if there is only one part located by this fixture, then

. The overall deviations are modeled as the DMVs of
all parts w.r.t. , and can be derived as

(23)

where

,

is a 6 1

vector of zeros;

, and is a

6 6 matrix of zeros. The subscript is a function
indicating the index of a part which is the th part on the
subassembly located by fixture at stage ,
and .

Proof: For the part that belongs to the sub-
assembly located by fixture at stage , the overall deviations
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are modeled as the DMV of w.r.t. . Given the overall
fixturing deviations, , and operation deviations, ,

can be derived by applying Lemma 1, as

(24)

Assuming that deviations of from are very small,
according to Zhou et al. [8], can be replaced by

, which is obtained from process design information.
It is straightforward to stack up the components in (24) to form

, , , and in (23).
The overall deviations corresponding to a single fixture at

stage is modeled by (23). These overall deviations are the
summation of .

Corollary 8.1: The overall deviations for all fixtures at
stage are

(25)

where , ,

. Please note that and
and .

S6 Calculate overall deviations after stage . After as-
sembly operations at stage , the deviations of parts w.r.t.
RCS are the combinations of the deviations transmitted
from preceding stages and that generated at the current
stage , i.e.,

(26)

The intermediate results listed in (13)–(25) are the building-
blocks of the system matrices in model (12). Substituting them
for in (26), the state transition equation in model (12) can
be represented as

(27)

where is a identity matrix. The detailed deriva-
tion is presented in Appendix III.

C. Modeling Deviation Measurements

The observation equation can be derived in a similar way.
A KPC, denoted as , is a dimensional deviation relating
multiple features on different parts. The linearization of their
relationships can be achieved with the method introduced by
Cai [23]. In this paper, KPC measurements can be derived by
the following lemma.

Lemma 9: Consider that the th KPC measured at stage
involves features on different parts, it can be derived that

(28)

where
;

,

( ) is a matrix consisting of
submatrices with the dimension of 6 6, and the th
submatrix is an identity matrix and others are zero matrices;

; is an row vector,
representing the linear combination of the features. It is
determined by the measuring plan.

Proof: For a feature, “ , ”, that is involved in cal-
culating the th KPC at stage , it is needed to derive the
DMV of w.r.t. , i.e., . Given

and , it can be derived by applying Lemma 1

(29)

where is selected from , i.e.,
. It is straightforward to stack up the components in (29) to

form , , and in (28).
The deviations of the th KPC measured at stage is mod-

eled by (28), which can be expanded to all KPCs.
Corollary 9.1: The deviations of all KPCs measured at

stage can be derived as

(30)

where ,

, ,

and .
It should be noted that the term reflects the KPC de-

viations induced by the deviations of features on the parts, when
they are fabricated. Denoting

as the combination of all the deviations induced by
both assembly operations and part fabrication processes, the
system matrices in model (12) are

(31)

(32)

(33)

and

(34)

where is a matrix with all zero elements. Equations
(31)–(34) define the system matrices of the model in (12).

The input information of the model (12) is obtained from en-
gineering knowledge about the product, process, fixture system,
and measurement system. Input vector is composed of four
components, corresponding to four types of process variation
sources: and are deviations of all datum features and
measurement features that are generated in the part fabrication
processes, respectively. The magnitudes of their variations are
provided by the part suppliers. represents fixture locator
deviations, whose variation magnitudes are provided by the fix-
ture suppliers. The operation variation that represented by
can be determined by the further study of the variation intro-
duced by part flexibility and other operation conditions. Unmod-
eled deviations represented in are introduced to the model
by the linearization in deriving (4). Thus, their magnitudes can
be determined by estimating the ignored higher order values of
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Fig. 5. Illustration of the two-stage door-fitting process.

linearization. Finally, magnitudes of measurement noise are
provided by measurement system specifications or calibrations.

Fully determined by the product and the process design, the
final state space model may contain sparse system matrices. The
sparse matrices may cause computational problems when the
model is used in process diagnosis. This diagnosibility issue has
been studied in [24]. However, on the other hand, those zero co-
efficients in sparse matrices indicate that some variation sources
have no impacts on certain sets of KPCs. This indication creates
the opportunity to decouple the process accordingly and divide
a complex whole process into small subprocesses without losing
model accuracy.

IV. CASE STUDY

The variation propagation model of a 3-D rigid-body door-
fitting process is derived and applied to the variation analysis
for design evaluation.

A. Process Description

A door-fitting process is used to fit a front door to the body of
a car by two assembly stages ( ), as illustrated in Fig. 5. In
the first stage, a car body (Part 1, PCS: ) is located
with a pin-hole fixturing scheme. Two hinges [e.g., Part 2, PCS:

, as shown in Fig. 5(b)], each of which is located by
a pin-hole fixturing scheme, are mounted to the body. At the
second stage, the subassembly will be located on the same fix-
ture used to locate the car body at the first stage, and the upper
hinge (Part 2, PCS: ) and the lower hinge (Part 3,
PCS, is similarly defined as ) are used as fixture lo-
cators for the door (Part 4, PCS: ). The KPCs are the
seal-gap measured at four points . The seal-gap is
defined as the distance between the body and the door on those
points along the Y direction in the RCS.

The geometric information of the product and the process is
summarized in Table I through Table V. To derive the coeffi-
cients in system matrices of the state space model, PCSs for
all the four parts are defined and their vectorial rep-
resentations w.r.t. RCS are listed in Table I. The origin of the
RCS is located in the middle of a car’s front face. At stage 2,
the pins on the upper hinge and the lower hinge will be used as
the four-way pin and the two-way pin, respectively. Their co-
ordinates in PCSs are listed in Table II. The KPCs are the dis-

TABLE I
PRODUCT INFORMATION: PARTS

TABLE II
PRODUCT INFORMATION: FEATURE LOCATORS

TABLE III
PRODUCT INFORMATION: MEASUREMENT FEATURES

tance between the door and the body at the four measurement
points. Four measurement features are defined on both and

and their vectorial representation w.r.t. corresponding PCSs
are listed in Table III.

Table IV presents the coordinates of parts w.r.t. the nominal
FCSs of corresponding fixtures that locate the parts. The fixture
configuration information, represented as the fixture locators’
coordinates in FCSs, is summarized in Table V. It is straightfor-
ward to define the LCSs of datum features on parts according
to the guideline in Fig. 2(b.2). Their coordinates can be derived
based on the information in Table V.

B. State Space Model Derivation

A state space model is developed following the procedure in-
troduced in Section III and the nominal product/process design
information summarized above. The state vector is composed of
four DMVs, corresponding to these four parts.
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TABLE IV
PROCESS INFORMATION: FIXTURES-PART RELATION

TABLE V
PROCESS INFORMATION: FIXTURE LOCATORS

At each stage, based on the fixturing scheme design, selector
matrix are set to assign datum features. At step S1, coordi-
nates of these datum features’ in PCSs are used to derive a set
of , as defined in Lemma 4, to describe the impacts
of datum feature deviations. This information is further used at
step S2 to model the reorientation derivation. The coordinates of
datum features and locating points in FCSs are used in deriving

, , , , , and , as defined in
Lemma 5. At step S3, the fixture configuration information, as
summarized in Table V, is used to derive the coefficients in ma-
trices , as defined in Lemma 6. Thus, the fixture induced
deviation can be described. At stage 2, the upper hinge and the
lower hinge will be used as two matting features to locate .
In order to model their deviations as that of the fixture locator
pins’, information in Table II is used to derive , and their
diagonal block matrices , as defined in Lemma 2. Fi-
nally, at step S5, the coordinates in Table IV are used to calculate

and model the overall deviations induced at stage ,
as defined in Lemma 8.

Since there is no measurement collected after the first stage,
is not considered. To derive the observation matrix , mea-

surement feature coordinates in Table III and the PCSs coordi-
nates in Table I will be used to calculate and ,
as defined in Lemma 9.

C. Variation Analysis

The variation propagation model can be used in variation
analysis to evaluate the product quality of a MAP. The system
matrices of the state space model derived in previous section
are used to analytically derive the variance of KPCs, i.e., the
seal-gap measured at . Based on the state space
model in the form of (12), the input/out model can be derived to
directly link the process variables ’s and the quality variables

. Variation analysis can be performed by plugging the vari-
ance of ’s and calculating that of . Since no simulation is

Fig. 6. Variation analysis result comparison.

Fig. 7. Variation pattern comparison.

needed, the time for analysis depends only on the computational
speed of computers.

The variation analysis is conducted under the normal condi-
tion, i.e., there is no excessive faulty variation introduced into
the MAP by variation sources. The magnitudes of the variances
of the variation sources are determined according to the nom-
inal fixture tolerances and part tolerances, whereas the magni-
tudes of measurement noises are determined by specifications
of measurement devices. Since the magnitudes of random vari-
ations are assumed small and the dimensions of parts are rela-
tively large, the unmodeled noises caused by the second order
small values in linearization are neglected.

The standard deviations of KPCs are then calculated based
on the developed state space model. These analytic values are
compared with measurement data of 25 cars collected from
real-production under a normal production condition. As shown
in Fig. 6, the discrepancies between the model-based analytic
variances and that calculated from the real measurements are
reasonably small. This small discrepancies show that the model
captures the dominant impacts of variation sources correctly.
The variance/covariance structure of multivariate KPCs is
also checked by conducting principal component analysis.
The eigenvector corresponding to the largest eigenvalue of the
covariance matrices of the measured data are selected. It ac-
count for more than 90% of total variance. As shown in Fig. 7,
the dominant covariance structure of KPCs is also correctly
captured.

V. CONCLUSION

Complex correlations among different stages of a MAP make
it difficult for engineers to understand the product quality vari-
ation propagation along stages. It significantly impede the al-
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ternative product/process design evaluation and process varia-
tion source identification. In this paper, an variation propagation
modeling technique is proposed based on the DMV representa-
tion. The model is presented in a state space model format, for
which a systematic procedure has been developed. Compared
with the existing MAP modeling techniques, the proposed one
is more generic by covering both Type-I and Type-II assembly
and by considering the impacts of deviations induced by part
fabrication processes. The proposed modeling technique is val-
idated by comparing the state-space-model-based analytic vari-
ance with that calculated from real-production data in a door
fitting process.

The proposed 3-D state space model for MAPs has great po-
tentials for various applications to achieve quality assurance in a
MAP: 1) Since the interactions between process variables (i.e.,
fixture locators deviations) and quality variables (i.e., KPC devi-
ations) are mathematically represented, variation source identi-
fication can be conducted by collecting KPC measurement data
and solving the equations. 2) This model can also be used as
a tool for quality assured product or process design. By pro-
viding an explicit model that links model coefficient with design
parameters, product/process design can be optimized and will
be able to cost-effectively deliver good quality. This strategy
moves the quality assurance to the early stage of production re-
alization and will reinforce total quality management. 3) The
structure of the proposed state space model makes it possible
to adopt some of the well developed control theories to solve
engineering problems related to quality engineering, e.g., diag-
nosability study and sensor placement. 4) Since the deviations

of features that caused by part fabrication process are explicitly
modeled, the variation sources can be traced back to upstream
production stages so that product designer can either use the
model to assign tolerances to different part suppliers, or conduct
tolerance synthesis among different parts to improve quality and
reduce manufacturing costs.

APPENDIX I

For the general 3-2-1 fixture locating scheme, as shown in
Fig. 2(a), the coefficient matrix is defined as shown in (A1)
at the bottom of the page, where

(A2)

For the pin-hole fixturing scheme shown in Fig. 2(b), fixture
locator deviation can be alternatively represented as

, and
the coefficient matrix is defined as shown in (A3) at the bottom
of the next page.

APPENDIX II

Given the six datum features defined in Section II, matrices
through can be derived by investigating the six

(A1)
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datum points where fixture locating pins and datum features
touch each other. It is assumed that datum points , , and

are the datum points in touch with the three primary datum
features , , and , respectively; and touch
with the secondary datum features, and , respec-
tively, and touch with the tertiary datum feature . The
nominal coordinates of these six points in are denoted as

, , , , and , respectively. De-
noting , the coordinates of point w.r.t. datum
feature can be achieved by performing homogeneous
transformation twice, i.e., from to RCS and from RCS to

LCS of . With the same strategy, following transformation
relationships can be obtained:

(A4)

(A3)

(A8)
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When the parts are located, six locating pins are in touch
with the six datum features. Therefore, points though
will be right on the datum feature. Since the direction is
defined as the normal direction of the surface, the coordi-
nates of these six points, w.r.t corresponding datum feature,
will be zeros, i.e., for and

denotes the third (3rd) element
of vector v. [8] shows that touching leads to

(A5)

where

and

(A5) can be further manipulated as

(A6)

and

(A7)

The same strategy can be used to derive the other five equations
for though , and the six equations can be combined to-
gether to form an equation system as defined in (A8), as shown
at the bottom of the previous page.

and
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By solving the equation system, we can express the DMV
as a linear combination of the deviations of datum fea-

tures, as defined in (11). The fixture locating scheme ensures
that all the six degree-of-freedom of the part/subassembly will
be constrained. At the mean time, it also guarantees that the in-
verse of the matrix on the left hand side of (A8) exists [8]. In
practice, the primary, secondary and tertiary datum surfaces are
often defined to be orthogonal to each other. This standardiza-
tion, as illustrated in Fig. 2, simplifies the derivation of
through . Given the nominal coordinates of through
in

and nominal HTM for w.r.t. the LCSs of three PD features
( , , and )

and

The coefficient matrices for modeling PD induced deviation are
shown in the equation at the bottom of the previous page, where

, ,

, ,

, ,

, , and

. Given the nominal HTM for w.r.t. the LCSs
of SD features and that of TD feature

and

the coefficient matrices for modeling SD and TD induced devi-
ation are shown in the equation at the bottom of this page. For
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pin-hole fixturing scheme shown in Fig. 2(b), the nominal HTM
for w.r.t. the LCSs of SD features and that
of TD feature , are

and

and the coefficient matrices for modeling SD and TD induced
deviation will be

APPENDIX III

This appendix shows the procedure of deriving (27). Substi-
tuting the in (25) for that in (26), we have

(A9)

Further substituting the in (22) for that in (A9), we have

(A10)

Substituting in (19) and in (21) for that in (A10),
we have

(A11)

Finally, by substituting in (17) for that in (A11), we can
achieve

(A12)

This leads to (27).

APPENDIX IV

The acronyms used in the paper are listed here:

MAP Multistage assembly processes.

KPC Key product characteristics.

DMV Differential motion vector.

CS Coordinate system.

RCS Reference coordinate system.

FCS Fixture coordinate system

PCS Part coordinate system.

LCL Local coordinate system.

PD Primary datum.

SD Secondary datum.

TD Tertiary datum.
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