
Jian Liu
Department Systems and Industrial Engineering,

The University of Arizona,

Tucson, AZ 85721

e-mail: jianliu@email.arizoan.edu

Jionghua Jin
Department Industrial and

Operations Engineering,

The University of Michigan,

Ann Arbor, MI 48109

e-mail: jhjin@umich.edu

Diagnosing Multistage
Manufacturing Processes
With Engineering-Driven
Factor Analysis Considering
Sampling Uncertainty
A new engineering-driven factor analysis (EDFA) method has been developed to assist the
variation source identification for multistage manufacturing processes (MMPs). The pro-
posed method investigated how to fully utilize qualitative engineering knowledge of the spa-
tial variation patterns to guide the factor rotation. It is shown that ideal identification can
be achieved by matching the rotated factor loading vectors with the qualitative indicator
vectors (IV) that are defined according to spatial variation patterns based on the design
constraints. However, the random sampling variability may significantly affect the estima-
tion of the rotated factor loading vectors, leading to the deviations from their true values.
These deviations may change the matching results and cause misidentification of the actual
variation sources. By using implicit differentiation approach, this paper derives the asymp-
totic distribution and the associated variance-covariance matrix of the rotated factor load-
ing vectors. Therefore, by considering the effect of sample estimation variability, the
variation sources identification problem is reformulated as an asymptotic statistical test of
the hypothesized match between the rotated factor loading vectors and the indicator vec-
tors. A real-world case study is provided to demonstrate the effectiveness of the proposed
matching method and its robustness to the sample uncertainty. [DOI: 10.1115/1.4024661]
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1 Introduction

Multistage manufacturing processes (MMPs) are widely used to
perform complex manufacturing operations for producing sophisti-
cated products. In such MMPs, there are generally numerous varia-
tion sources that potentially contribute to the variations of key
product characteristics (KPCs). It is always desirable to conduct the
variation reduction by effectively identifying the underlying varia-
tion sources for process correction decisions [1]. However, the vari-
ation source identification for MMPs is a challenging task due to
the complex variation patterns induced by potentially multiple vari-
ation sources at different manufacturing stages.

A multistage automotive body assembly process is a typical
MMP with numerous KPCs and potential variation sources. For
example, as shown in Figs. 1(a)–1(d), three side-panel parts, Part
A, Part B and Part C, are assembled at two stages to form an auto-
motive side aperture. In order to monitor dimensional integrity, 19
quality features (F1–F19) distributed on the side aperture, are
measured. The 38 coordinates of these 19 quality features are
defined as the KPCs and their measurements are denoted as y. The
variation sources of MMPs are mainly the tooling elements used
to locate and join parts and/or subassemblies, including locating
pins, clamps, welding-guns, etc. The dimensional deviations of
variation sources, denoted as u in Fig. 1, will cause the deviations
of the KPCs from their designated positions. For instance, as
shown in Fig. 1(a), a positive deviation of the four-way pin P1

along Z direction will cause the deviation of Part A from its nomi-
nal position at stage 1. At stage 2, subassembly A&B has to be

reoriented to fit the locating hole on Part A to pin P5. Thus, the
deviations introduced at stage 1 are propagated to stage 2 and the
whole subassembly A&B will deviate from its nominal position,
even though all the locating pins, P5–P8, are perfectly located at
their nominal positions. As a result, the first 32 elements of y that
correspond to F1–F16 on subassembly A&B will have nonzero
deviations from their nominal values, whereas the last six ele-
ments of y that correspond to F17–F19 on Part C will have no devi-
ations. This relationship between variation sources and KPCs can
be described by a spatial pattern vector (SPV), cP1 Z

, whose first
32 elements are nonzero and its last six elements are zeros. In this
case, SPV is denoted as cP1 Z

¼ #T
32 0T

6

� �T
, where the subscript

“P1 Z
” indicates the variation source; #32 is a 32� 1 vector with all

the elements nonzero, and 06 is a 6� 1 zero vector. When the val-
ues of elements in #32 are unknown, a SPV can be qualitatively
represented as an IV, which sets the elements corresponding to
nonzero elements in SPV as 1’s and keeps the elements corre-
sponding to zero elements in SPV as 0’s. For instance, the IV for
cP1 Z

is denoted as sP1 Z
, where sP1 Z

¼ 1T
32 0T

6

� �T
, and 132 is a

32� 1 vector with all elements equal to 1.
In this paper, it is assumed that different variation sources will

have distinct SPVs. Furthermore, it is assumed that IVs are differ-
ent from each other, i.e., for a given IV, ca, there is at least one
different element in any pair of IVs. The different SPVs with the
same IVs can be grouped and represented by one single IV. As
illustrated in Fig. 1(b), a positive deviation of the four-way pin P3

along Z direction will only affect the KPCs on Part B at stage 1
and their deviations will not be propagated to other parts at stage

2. Thus, the SPV of P3_Z is cP3 Z
¼ 0T

4 #T
28 0T

6

� �T
and its corre-

sponding IV is sP3 Z
¼ 0T

4 1T
28 0T

6

� �T
. The distinctions among

SPVs of different variation sources create the basis for variation
source identification, which can be conducted by investigating the
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SPVs that describe the relationships between KPC measurements,
y, and variation sources, u. Such relationships can be defined, by a
generic linear model, as

y ¼ Cuþ v (1)

where y (y 2 <p�1) is a vector of random dimensional deviations
of p KPCs. Vector u (u 2 <M�1) consists of the random devia-
tions of M potential variation sources. The M column vectors in
matrix C (C 2 <p�M) are the SPVs of the M potential variation
sources. Measurement errors are represented by vector v
(v 2 <p�1).

Existing methods for variation source identification in litera-
tures can be classified into two categories: data-driven methods
and engineering-driven methods. Data-driven methods do not
require a priori engineering knowledge about the relationships
between KPC measurements and variation sources. The assumed
underlying model is

y ¼ Csus þ v (2)

where y and v are the same as that defined in Eq. (1). Vector us

(us 2 <s�1) represents the s actual variation sources that present
in a MMP and exceed their predefined thresholds. Thus, us is a
subset of u in Eq. (1) and it is assumed that s< p. The s column
vectors in matrix Cs (Cs 2 <p�s) are the SPVs corresponding to
the variation sources of us. Since no engineering knowledge is
presumed, the values of elements in Cs are unknown. When the
KPC measurements are collected at the final stage of a MMP, the
SPVs in Cs can be estimated by using Bayesian network analysis
[2], principal component analysis [3,4], factor analysis [5,6], and
independent component analysis [7]. The variation source identifi-
cation is implemented by interpreting the estimated SPVs. This
approach has two limitations. One limitation is that when multiple
actual variation sources present in a MMP, the estimated set of
SPVs are not unique, since s< p. The other limitation is that the
estimated SPVs may sometimes differ from the true SPVs of the
actual variation sources due to sample estimation uncertainty.
This discrepancy may mislead interpretations and result in mis-
identification of variation sources.

Engineering-driven methods depend on the derivation of model
(1). The values of all SPVs defined in matrix C are derived
according to the engineering knowledge of nominal product and
process design [8–12]. Thus, variances of the elements in u can be
calculated based on the collected KPC measurements y. The ele-
ments in u that have variances larger than predefined thresholds
are identified as the actual variation sources [13–18]. In practice,
the engineering knowledge needed for deriving model (1) may
sometimes be either incomplete or inaccurate. Moreover, the pro-
cess parameters may sometime deviate from their nominal values.
Thus, the model coefficients C derived from the nominal design
may not truly reflect the actual process parameters. Both situations
may lead to inaccurate estimation of the variances of the elements
in u. As a result, misidentification of the actual variation sources
may occur. From this perspective, such an engineering-driven
method based on model (1) is not robust to the uncertainty of
coefficients in matrix C.

There is a need for a new systematic approach to identify varia-
tion sources by effectively integrating the engineering knowledge
represented in a proper form, and in the meantime, taking into
account the robustness issue of engineering-driven methods. Liu
et al. [19] proposed an EDFA method, where the qualitative engi-
neering knowledge represented by IVs of SPVs is used to guide
the factor rotation. Therefore, it has the advantage of estimating
the scaled SPVs without requiring an accurate engineering model.
However, the primary challenge for implementing such an EDFA,
as for other data-driven methods, is how to consider the sample
estimation uncertainty. When the sample size of measurement
data is small, the rotated factor loading elements estimated from
the sample covariance matrix may significantly deviate from their
true values. As a result, an estimated loading element may be dif-
ferent from zero even though its true value is zero. For instance,
Fig. 2 shows the results of a case study on the MMP illustrated in
Fig. 1 (the details will be discussed in Sec. 3). The estimated SPV
is given by vector ĉk. The absolute values of those elements, #T

� ’s,
in vector ĉk are large enough to be considered as nonzero ele-
ments. Two predefined IVs are denoted by vectors IVi and IVj, of
which only three parenthesized elements are different. By com-
paring only the relative magnitudes of those three corresponding
elements in ĉk, it seems that IVj matches ĉk better than IVi as
0.0010 is closer to 0 than �0.0284 and �0.0236. However, the

Fig. 1 Illustration of impacts of variation sources on KPCs
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actual variation source in that process is P1_Z, which corresponds
to IVi, rather than IVj. This misidentification demonstrates the
essential need to consider sample estimation uncertainty on EDFA
for variation source identification.

In this paper, a new method is proposed to explicitly consider
the sample estimation uncertainty of EDFA for variation sources
identification, which is performed by formulizing an asymptotic
statistical testing on the hypothesized match between the rotated
factor loading vectors and the predefined IVs. It will be demon-
strated that the proposed method will have the advantage of
improving the existing EDFA by reducing the misidentification
rate, especially when the sample size is small.

The remainder of this paper will be organized as follows: Sec-
tion 2 presents the proposed methodology with the development
of its associated three functional modules, in which the major
effort is devoted to the derivation of the asymptotic variance–
covariance matrix of the factor loading elements estimated by the
EDFA. The procedure of variation source identification based on
the asymptotic statistical testing is also introduced. Section 3 dem-
onstrates the effectiveness of the proposed methodology with a
case study. Conclusions and future works are discussed in Sec. 4.

2 Methodology

The proposed methodology is based on the assumed model (2).
In this paper, the following assumptions are made for this model:
(i) y represents the observable KPC measurements, following p-
dimensional normal distribution, i.e., y�Np(ly,Ry). Without loss
of generality, it is assumed that ly¼ 0 under the normal working
condition; (ii) us (us¼ [u1, u2,…, us]

T) represents the actual varia-
tion sources, following s-dimensional (1< s< p) normal distribu-
tion, i.e., us�Ns(0, Rus

); (iii) it is reasonable to assume that Rus
is

a diagonal matrix because that variation sources, e.g., fixture
locating pins, are often fabricated, installed and maintained sepa-
rately for different stations and thus are independent of each other;
(iv) Cs(Cs¼ [c1 c2 ... cs]) is an unknown constant p� s matrix,
with column vector cr being the true SPV that represents the linear
impacts of ur on y, r¼ 1, 2,…, s; and (v) the measurement errors
represented by v are independent of the variation sources us, and
follow a p-dimensional normal distribution, i.e., v�Np(0,Rv). It is
assumed that measurement errors are independent of each other
and have the same variance magnitude, i.e., Rv¼r2Ip, where r2 is
a constant scalar and Ip is a p� p identity matrix.

The proposed variation identification method is developed with
three functional modules, including (i) estimating the scaled SPVs
with the rotated factor loading vectors derived by EDFA, (ii) eval-
uating asymptotic variability of the rotated factor loading vectors,
and (iii) testing the hypothesized match to identify the actual vari-
ation sources. The details of each module will be discussed in
Secs. 2.1–2.3.

2.1 Basis of Engineering-Driven Factor Analysis With
Sample Data. The objective of the EDFA method is to estimate
scaled cr’s, r¼ 1,…, s, without directly measuring us [19]. The
sample covariance matrix of KPC measurements, y, can be
approximated with the eigen-decomposition as

Sy ffi L̂L̂
T þ Sv ¼ ÊsK̂sÊ

T

s þ r̂2Ip (3)

where the estimate of initial loading matrix L̂ is defined as

L̂ ¼ ½̂l1 l̂2 ::: l̂s� ¼ ÊsK̂
1=2
s (4)

K̂s ¼ diagfk̂1; k̂2; :::; k̂sg and Ês ¼ ½ê1 ê2 ::: ês�; k̂r’s and êr’s,
r¼ 1,…, s, are the s largest eigenvalues and their associated
eigenvectors of Sy, with k̂1 � k̂2 � 	 	 	 � k̂s > r̂2; s is the number
of actual variation sources and is determined by Akaike Informa-
tion Criterion (AIC) [5]; r̂2 is the estimate of the variance of mea-
surement errors. l̂r’s are the eigenvalue-normed eigenvectors [20],
i.e.,

l̂r ¼
ffiffiffiffiffi
k̂r

q
êr; r ¼ 1; 2; :::s (5)

It has been shown that that the SPVs of the variation sources are
imbedded in the measurement data and span the same linear space
of the eigenvectors of Ry, i.e., span{l1 l2 ::: ls}¼ span{c1 c2 ...
cs} [21], where lr’s are the eigenvalue-normed eigenvectors of the
population covariance matrix Ry. lr’s can be consistently esti-
mated by l̂r’s defined in Eq. (5).

For variation source identification, the objective of factor rota-
tion is to obtain the right loading structures that best estimate the
scaled SPVs. Assume there are M potential variation sources,
each of which has an IV denoted as sm, m¼ 1,…, M. As afore-
mentioned, an IV consists of restricted elements (i.e., elements
equal to 0) and unrestricted elements (i.e., elements equal to 1).
When the number of variation sources s is determined based on
AIC, a combination of s IVs will be selected to form an indicator
matrix, Tc, where Tc¼ ðsc

irÞ, i¼ 1, 2,…, p, r¼ 1, 2,…, s, c¼ 1,
2,…, C. C is the total number of possible IV combinations with

C¼
�

M
s

�
, i.e., C is the number of possible ways to select s IVs

from that of M potential variation sources. The indicator matrix of
combination c will be used to guide the factor rotation and obtain

the corresponding rotated factor loading matrix L̂c

, where

L̂c

 ¼ hcðL̂Þ ¼ L̂Rc ¼ ½̂l



1;c l̂



2;c ::: l̂



s;c� ¼ ðl̂
ir;cÞ (6)

Liu et al. [19] developed the indicator-vector-guided factor
rotation (IVGFR) technique by introducing the concept of re-
stricted loading element as follows (Chap. 6 of Ref. [22]).

DEFINITION 1. For a rotated factor loading matrix L̂c

, a re-

stricted loading element is defined as an element, l̂
ir;c, that corre-
sponds to a restricted element, sc

ir , in Tc, where sc
ir ¼ 0.

The determination of the rotation matrix Rc of a given IV com-
bination c, is formulated as an optimization problem to find an
optimal Rc to minimize the sum of square of the restricted loading
elements, and at the same time, keep the norm of the loading vec-
tors unchanged. The optimal solution of Rc can be obtained by
applying Lagrangian multiplier method, i.e.,

argmin
Rc

2Qc ¼
Xs

r¼1

Xp

i¼1

ð1� sc
irÞ 	 l̂
ir;c

� �2

�
Xs

r¼1

ar;c

Xp

i¼1

l̂
2ir;c � l̂2
ir

� � !
(7)

where ar,c is the Lagrangian multiplier to determine the weight for
the rth column of Rc. The detail procedure for solving Rc in Eq.
(7) can be found in Ref. [19]. When the combination of IVs in Tc

Fig. 2 Matching of estimated SPV with IVs
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belongs to the actual variation sources, Qc will be ideally equal to
zero.

Since the rotated loading vectors, l̂


r;c’s, are estimated from Sy,

these vectors will randomly deviate from l
r;c’s, which are derived

from the eigenvalue-normed eigenvectors, lr’s, of the population
covariance matrix Ry. This type of deviations may make the re-

stricted loading elements in l̂


r;c’s not exactly equal to zero, and

thus Qc calculated by using the correct IV combination (associated
to the actual variation sources) may deviate from its ideal zero
value and may sometimes be even larger than another Qc’ calcu-
lated from a wrong IV combination. This indicates that the sample

induced variability of l̂


r;c’s may lead to misidentification of the

actual variation sources, and such a misidentification rate will dete-
riorate as the sample size is decreased. Therefore, it is essential to
develop a new variation sources identification method that is robust
to the sampling uncertainty of the rotated factor loading elements.

2.2 Asymptotic Distribution of Factor Loadings. The
underlying statistical issue of the proposed variation source identi-
fication is to determine, based on sample data, whether the zero
Qc is tenable in the population model. Equivalently, it is to deter-
mine whether the restricted loadings elements defined in Defini-
tion 1 are statistically equal to zeros. For instance, a small loading
element in L̂c


, such as 0.0010, may be significantly different from
zero if its corresponding standard error is also small. Thus, it is
essential to estimates the sampling variability of the rotated factor
loading elements. In a landmark series of articles, Jennrich and his
colleagues proposed the general framework for deriving the as-
ymptotic standard errors of rotated factor loading elements
[23–25]. In this paper, this framework is adopted to analytically
derive the asymptotic variance–covariance matrix of the factor
loading elements obtained from IVGFR as formulated in Eq. (7).

For a specific IV combination c, c¼ 1,2,…, C, the true rotated
factor correlation matrix is define as Uc¼ (/uv,c), where

Uc ¼ RT
c Rc

� ��1
(8)

and u,v¼ 1, 2,…, s. It should be noted that Uc is a function of L̂,
since the rotation matrix is based on L̂ defined in Eq. (4). As ma-
trix Uc is a correlation matrix, its diagonal elements must be
equal to 1, i.e.,

diag Ucð Þ ¼ I (9)

where the function diag(A) keeps the diagonal elements of a
square matrix A and sets all its off-diagonal elements to zeros.

Assuming that hc has a differential dhc at L, the true initial
loading matrix, then dhc is a linear transformation that maps p� s
matrices into p� s matrices and this linear mapping approximates
hc at L. It is noted that this true initial loading matrix is derived
from the eigenvectors and eigenvalues of the population covari-
ance matrix of y, as similarly defined in Eq. (4). Based on the
standard asymptotic theory, it yieldsffiffiffi

n
p

L̂c

 � Lc


� �
¼a dhc

ffiffiffi
n
p

L̂� L
� �� �

(10)

where “¼a ” indicates that the difference between the two sides of
Eq. (10) approaches zero in probability “1” as the sample size n
approaches infinity. Lc


 is the true rotated factor loading matrix
and L̂c


 is its asymptotically normal estimate. The asymptotic
variance–covariance matrix of L̂c


 can be obtained from that of L̂.
In terms of the partial derivatives of the function hc

acovðl̂
ir;c; l̂
jq;cÞ ¼
X
mnxy

@hir;c

@ l̂mx

acovðl̂mx; l̂nyÞ
@hjq;c

@ l̂ny

;

i; j;m;n¼ 1;2;…;p; and r;q; x; y ¼ 1;2;…; s

(11)

where acovðl̂mx; l̂nyÞ is the asymptotic covariance between two ele-
ments of the initial factor loading vectors (defined in Eq. (5)). It
has been given by Girshick [26] as

acovðl̂mx; l̂nyÞ ¼
k̂yk̂xl̂myl̂nx

nðk̂x þ nxyk̂yÞðk̂y þ nxyk̂xÞ

þ k̂2
xdxy

n

Xp

t¼1

l̂mtl̂nt

ðk̂x þ nxtk̂tÞðk̂y þ nytk̂tÞ
(12)

and

dxy ¼
1; if x ¼ y

0; if x 6¼ y

(
and nxy ¼

1; if x ¼ y

�1; if x 6¼ y

(
(13)

The partial derivative @hir;c=@ l̂jq is needed to evaluate the as-
ymptotic variances and covariance of l̂
ir;c’s. For the factor rota-
tion, function hc is a straightforward linear function transforming
L̂ to L̂



c with rotation matrix Rc, as similarly defined in Eq. (6).

However, according to the IVGFR algorithm, Rc itself is also the
result of an implicit function of L̂. Thus, the function hc is not
given explicitly in terms of L̂ and it is difficult to explicitly derive
its partial derivatives with respect to l̂ir’s. In this paper, those par-
tial derivatives will be derived by means of the implicit differen-
tiation as follows. Suppose that

wc ¼ wðL̂c

;UcÞ ¼ 0 (14)

where wc ¼ ðwuv;cÞ is an s(s-1)-dimensional constraint being satis-
fied by rotation function hc. We can differentiate the relationships
defined in Eqs. (6), (8), (9), and (14) to get dL̂c


 in terms of dL̂.
The solution will define the differential dhc. The required partial
derivatives of hc with respect to an initial factor loading elements
in L̂ is defined in the coordinate form as

@hir;c=@ l̂jq ¼ dhir;c Jðj; qÞð Þ (15)

where J(j,q) is an elementary p� s matrix whose (j,q)th element
is one and other elements are zeros. In a matrix form, Eq. (15) can
also be written as

Hc ¼ @hir;c=@ l̂jq

� �
(16)

where Hc is a ps� ps matrix whose column index and row index
are defined according to the lexicographic order. Jennrich [24]
viewed the general solution of dhc as a composition of four linear
transformations and expressed the matrix Hc in the form of

Hc¼ Bc � CcD�1
c Ec (17)

Bc is a ps� ps matrix defined as

Bc
ir;jq ¼ dijRqr;c (18)

where dij is a Kronecker delta and Rqr,c is the (q,r)th element of
rotation matrix Rc. Cc is a ps� ss matrix whose elements are
defined as

Cc
ir;uv ¼ l̂
iu;c/

vr;c (19)

where l̂
iu;c is the (i,u)th element of L̂c

 and /vr;c is the (v,r)th ele-

ment of U�1
c . Dc is an ss� ss matrix defined as

Dc
uv;xy ¼

Xp

i¼1

Xs

r¼1

@wuv;c

@ l̂
ir;c
l̂
ix;c/

yr;c �
@wuv;c

@/xy;c

�
@wuv;c

@/yx;c

(20)
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where @wuv;c=@ l̂
ir;c and @wuv;c=@/xy;c are defined by the constraint
wc and are rotation algorithm specific. Ec is an ss� ps matrix
defined as

Ec
xy;jq ¼

Xs

r¼1

@wxy;c

@ l̂
jr;c
Rqr;c (21)

Since the constraint wc is a function of L̂c

 and Rc, it depends on

the specific rotation algorithm used. In the coordinate form, it is
defined as

wuv;c ¼
Xp

i¼1

Xs

r¼1

@Qc

@ l̂
ir;c
	 l̂
iu;c 	 /vr;c (22)

where Qc is the optimization index used in finding the rotation
matrix Rc, /vr,c is the (v,r)th element of matrix U�1

c . For IVGFR
used in this paper, Qc is given in formulation (7) for a specific IV
combination c. Thus, the partial derivative of Qc is

@Qc

@l
ir;c
¼ 1� sc

ir

� �2�ar;c

� �
	 l̂
ir;c (23)

Thus, from Eqs. (22) and (23), the constraint functions in the coor-
dinate form are

wuv;c ¼
Xp

i¼1

Xs

r¼1

1� sc
ir

� �2�ar;c

� �
	 l̂
ir;c 	 l̂
iu;c 	 /vr;c (24)

And their partial derivatives can be derived as

@wuv;c

@ l̂
ir;c
¼ dur

@Qc

@L̂c


U�1

c

	 

iv

þ 1� sc
ir

� �2�ar;c

� �
	 l̂
iu;c 	 /vr;c; and

(25)

@wuv;c

@/xy;c

¼ �
Xp

i¼1

Xk

r¼1

1� sc
ir

� �2�ar;c

� �
l̂
ir;cl̂
iu;c/

rx;c/yv;c (26)

The partial derivatives of the constraints defined in Eqs. (25)
and (26) can be plugged into Cc and Dc to get partial derivatives
of hc, as defined in Eq. (16). Then, the elements of Hc will be used
in Eq. (11) to calculate the asymptotic variance–covariance of
l̂
ir;c’s. For a given Tc, it is easy to define

ĝc

 ¼ vecðL̂c


Þ (27)

where ĝc

 2 <ps�1 and is ps-dimensional asymptotically normally

distributed with the mean at its own true vector, gc

, and the as-

ymptotic covariance matrix as

Rc
g ¼ acovðl̂
ir;c; l̂
jq;cÞ

� �
(28)

i.e., ĝc

 � Npsðgc


;Rc
gÞ, where Rc

g 2 <ps�ps.

2.3 Statistical Testing for Variation Source Identification. The
variation source identification based on EDFA is implemented by
checking the hypothesized match between the restricted loading
elements and the restricted elements in IVs. The potential varia-
tion sources whose IVs achieve the best match are identified as
the actual variation sources. Liu et al. [19] evaluated this match
by Qc but did not consider the impact of sampling uncertainty.
Because both the asymptotic distributions and the variance–
covariance matrix of all l̂
ir;c’s have been derived, the hypothesized
match can be formulated as a statistical test with respect only to
those restricted loading elements.

DEFINITION 2. for a given Tc, a restricted loading vector is
defined as

ĝ
�

c

 ¼ Sc 	 ĝc


 (29)

where ĝ
�

c

 2 <Wc�1, Wc is the number of restricted elements in sc,

and sc¼ vec(Tc). Sc is a selection matrix and its (w, t)th element
is 1 if the wth element of sc is the tth zero in sc, where w¼ 1, 2,…,
Wc, and t¼ 1, 2,…, ps. Other elements in Sc are zeros.

With the manipulation defined in Eq. (29), ĝ
�

c

 will be a vector

that contains only the restricted loading elements in L̂


. ĝ
�

c

 follows a

Wc-dimensional asymptotic normal distribution with the mean at its
true vector, ĝ

�
c

, and the asymptotic variance–covariance matrix as

R
�g

c ¼ ScR
c
gST

c (30)

i.e., ĝ
�

c

 � NWc

ðg
�

c

;R
�g

cÞ, where R
�g

c 2 <Wc�Wc .

For a given Tc, the matching between the restricted loading elements
and the restricted elements is formulated as a hypothesis test, i.e.,

Hc
0 : g
�

c

 ¼ 0 versus

Hc
a : g
�

c

 6¼ 0

(31)

When Hc
0 is true, the limiting distribution of the test statistic xc

xc ¼ ĝ
�

c

T R

�g
c

� ��1

ĝ
�

c

 (32)

follows a chi-squared distribution, v2
Wc

, with Wc degrees of free-
dom. If xc> v2(a, Wc), Hc

0 will be rejected under asymptotic a.
Here, v2(a, Wc) denotes the upper 100a% point of v2

Wc
. When Hc

0

is not rejected, it indicates that there is no significant evidence to
reject the null hypothesis that the restricted loading elements are
simultaneously equal to zeros, i.e., it cannot reject the null hypoth-
esis that the rotated factor loading vectors match the SPVs speci-
fied by Tc. Thus, the variation sources combination c will be
identified as the actual variation sources.

In a summary, the variation sources identification is based on
the EDFA and the statistical test of the restricted loading vectors.
The general procedure is illustrated in Fig. 3, and it includes four
major steps as follows:

S1: The principal component decomposition will be performed
based on the KPC measurement data and sample variance–
covariance matrix, Sy. The number of significant variation
sources, s, will be determined according to AIC. Initial load-
ing vectors in L̂ will be calculated from eigenvalues and
eigenvectors of Sy.

S2: Initial loading vectors will be rotated with IVGFR and the
given Tc. The rotated loading matrix, L̂c


, rotation matrix,
Rc, and the optimization index, Qc, will be used to evaluate
the sampling variability of L̂c


 in S3.
S3: Asymptotic variance–covariance matrix of L̂c


 will be calcu-
lated according to Eq. (11). The partial derivatives of the
rotation function hc are derived by the general implicit dif-
ferentiation method and the specific constraint function for
IVGFR, as defined in Eqs. (22)–(26).

S4: The asymptotic variance–covariance matrix of the rotated
factor loading elements will be used to conduct a statistical
test to check the match between the restricted loading vec-
tors, as defined in Eq. (29), and the predefined IVs. When
the null hypothesis in Eq. (31) is not rejected, the variation
sources of combination c are identified as the actual varia-
tion sources. Otherwise, the procedure will continue to
explore other IV combinations.

3 Case Study

A case study on the process shown in Fig. 1 is conducted to
demonstrate the capability of the proposed approach. Table 1
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summarizes the process by listing the assembly operations and the
fixturing schemes. The potential variation sources are the random
variations of the four-way pins along X-direction and Z-direction,
and that of the two-way pins along Z-direction. For simplicity,
only the fixture locator pins used in stages 1 and 2 are considered
and thus there are 12 potential variation sources. According to the
engineering knowledge of the relationships between variation
sources and KPC measurements, 12 IVs are formed. For instance,
the IV for the variation source P1 along Z-direction is
sP1 z

¼ ½1T
320T

6 �
T
, while that for the variation sources P3 along Z-

direction is sP3 z ¼ ½ 0T
4 1T

28 0T
6 �

T
.

A Monte Carlo simulation is performed to generate measure-
ment data based on the linear model (1), where the matrix C is
derived with the state space modeling technique introduced in
Ref. [9]. Corresponding to the 12 potential variation sources, ma-
trix C contains 12 SPVs, describing the impacts of the variation
sources on the variations of KPC measurements. The input vector
u follows a normal distribution, i.e., u�N(012,Ru). It is assumed
that no variation source is manifested as a mean-shift, i.e.,
lu¼ 012. The diagonal elements of matrix Ru are the variances of
the variation sources, with the value of 0.1 denoting the normal in-
herent variation level specified by the fixture design tolerance. In
this case study, the four-way pin P1 used in the first stage and the
four-way pin P3 used in the second stage introduce abnormally
large variances, both along Z-directions, as shown in Fig. 1. Cor-

respondingly, the second (P1_Z) and the fifth (P3_Z) diagonal ele-
ments of Ru are 0.6 and 0.5, respectively, whereas the other diagonal
elements of Ru are set to be 0.1. The measurement error vector v fol-
lows a normal distribution, i.e., v ~ N(038,Rv), where Rv is a 38� 38
diagonal matrix with all diagonal elements equal to 0.001.

In order to demonstrate the effectiveness of the proposed meth-
odology in identifying multiple variation sources, a sample of 150
observations (cars) are simulated with above parameters. The
sample covariance is denoted as S150. Following the procedure
proposed in Sec. 2.2, the EDFA was conducted to identify the var-
iation sources by estimating the scaled SPVs. The number of sig-
nificant variation sources that are detected based on AIC criterion
is equal to 2 (i.e., s¼ 2). When the combination of the second
(P1_z) and the fifth (P3_z) potential variation sources are selected
to form a Tc, c¼ 14, the rotated factor loading vectors are
obtained and listed in Table 2, together with their corresponding
IVs. According to the IVs, sP1 z

and sP3 z
, there are W14

(W14¼ 16) restricted elements in l̂


1;14 and l̂



2;14, and thus the re-

stricted loading vector, ĝ
�

14

 , is

ĝ
�

14

 ¼ ½�0:0284;�0:0117;�0:0236;�0:0060;�0:0162;

� 0:0047; 0:0022;�0:0034; 0:0038;�0:0067;�0:0272;

� 0:0116;�0:0279;�0:0040;�0:0154; 0:0001�T

The asymptotic variance–covariance matrix of the restricted

loading elements, R
�g

14, is given in Appendix A. The calculation of

test statistic gives x14 ¼ ĝ
�

14

T R

�g
14

� ��1

ĝ
�

14

 ¼ 20.9157, and the criti-

cal value at a¼ 0.05 is v2(a, W14)¼ v2(0.05, 16)¼ 26.2962. Thus,
the null hypothesis that Hc

0: g
�

14

 ¼ 0 cannot be rejected, and P1_z

and P3_z are identified as the actual variation sources.
The analytically derived asymptotic variance–covariance ma-

trix of the restricted loading vector is also validated with a simula-
tion of 10,000 replications. The aforementioned sample
covariance S150 is used as a population variance–covariance ma-
trix of y to generate measurements, in which EDFA is performed
10,000 times with given sP1 z

and sP3 z
. The rotated loading vec-

tors are recorded and the sample variance–covariance matrix of

Fig. 3 The procedure of EDFA based variation source
identification

Table 1 Summary of the three-stage assembly process

Stage Fixture Operations

1 Fix part A by P1 and P2

Fix part B by P3 and P4

Assemble parts A and B

2 Fix subassembly A&B by P5 and P6

Fix part C by P7 and P8

Assemble subassembly
A&B and part C

3 Fix side aperture by P9 and P10 Measure 19 features
(F1–F19) on the side aperture

Table 2 Rotated factor loading vectors and their correspond-
ing IVs

Variation source 1, l̂


1;14 Variation source 2, l̂



2;14

j l̂
j1;14 sP1 z
j l̂
j1;14 sP1 z

j l̂
j2;14 sP3 z
j l̂
j2;14 sP3 z

1 0.0010 1 20 0.3347 1 1 0.0022 0 20 �0.2783 1
2 0.2473 1 21 �0.0135 1 2 �0.0034 0 21 0.1881 1
3 �0.2293 1 22 0.1206 1 3 0.0038 0 22 �0.0886 1
4 0.7097 1 23 �0.0942 1 4 �0.0067 0 23 0.2374 1
5 �0.0139 1 24 0.1627 1 5 0.1771 1 24 �0.1267 1
6 0.7041 1 25 �0.0905 1 6 �0.5946 1 25 0.2662 1
7 0.1326 1 26 0.3406 1 7 0.0107 1 26 �0.2808 1
8 0.7101 1 27 �0.0148 1 8 �0.6009 1 27 0.1888 1
9 0.2080 1 28 0.3658 1 9 �0.0453 1 28 �0.3031 1
10 0.5859 1 29 �0.0926 1 10 �0.4924 1 29 0.2484 1
11 0.2446 1 30 0.4292 1 11 �0.0342 1 30 �0.3617 1
12 0.5046 1 31 �0.0930 1 12 �0.4260 1 31 0.2168 1
13 0.2792 1 32 0.4863 1 13 �0.0643 1 32 �0.4053 1
14 0.4207 1 33 �0.0284 0 14 �0.3499 1 33 �0.0272 0
15 0.2017 1 34 �0.0117 0 15 �0.0487 1 34 �0.0116 0
16 0.3422 1 35 �0.0236 0 16 �0.2865 1 35 �0.0279 0
17 0.2833 1 36 �0.0060 0 17 �0.0864 1 36 �0.0040 0
18 0.2904 1 37 �0.0162 0 18 �0.2364 1 37 �0.0154 0
19 0.1463 1 38 �0.0047 0 19 0.0102 1 38 0.0001 0
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the 10,000 restricted loading vectors, S
�

14

g
, are calculated and pre-

sented in Appendix B. It can be seen that the true values of R
�g

14

matches S
�g

14 with a reasonable accuracy.

As shown in Fig. 4, the standardized rotated factor loading vec-
tors calculated from l̂



1;14 and l̂



2;14 are compared with the standar-

dized true SPVs, which are used to simulate the measurement
data. This visual comparison shows that the rotated factor loading
vectors match the true SPVs very well. The estimated SPVs, l̂



1;14,

and l̂


2;14, are also visualized in Fig. 5. The scaled estimated SPV

of variation source 1, l̂


1;14, shows that the two features on part A,

F1 and F2, deviate from their nominal positions along circles
centered at the hole S1, whereas the features on part B, F3–F16,
deviate along circles centered at the hole S2. This pattern indicates
that P1 used at stage 1 has an abnormally large variation along
Z-direction. The scaled estimated SPV of variation source 2, l̂



2;14,

shows that all the features on part B, F3–F16, deviate from their
nominal positions along circles centered at slot S2, while the fea-
tures on Part A and Part C are not affected. This pattern indicates
that P3 used in stage 1 has an abnormally large variation along Z
direction. In practice, although their true SPVs are unknown, the
variation sources identification result can still be justified by visu-
alizing and interpreting the geometric implications of the esti-
mated SPVs. Those estimated SPVs can also be used to update
engineering domain knowledge about the complex interrelation-
ships between process variation sources and KPC variances.

The robustness of the proposed method (denoted as method 2)
to sample estimation uncertainty was compared with that of the
method introduced by Liu et al. [19] (denoted as method 1). Dif-
ferent from method 2, method 1 does not explicitly consider the
impact of sampling uncertainty. Identification of variation sour-
ces, P1_z and P3_z, were performed for a set of seven different sce-
narios with different sample size of 50, 100, 150, 250, 500, 1000,

and 2000, respectively. In each scenario, 1000 replicates of the
variation sources identification were conducted using these two
methods. Their performances are compared with respect to the
misidentification rate, which is defined as the number of misiden-
tified cases over the total number of replicates. The comparison
results are shown in Fig. 6. It can be seen that the proposed statis-
tical-testing-based method, method 2, consistently outperforms
method 1, especially under a small sample size. Specifically,
when the sample size is large, e.g., n¼ 2000, the methods 1 and 2
have comparable performance. However, when the sample size is
small, e.g., n¼ 50, the misidentification rate of method 1 is signif-
icantly larger than that of method 2. This is because the variances
and/or covariances of the rotated factor loading elements are
inversely related to the sample size n. A small sample size leads
to a large variance of the loading estimation, which may make the
rotated loading vectors significantly deviate from the true SPV.
As a result, Qc, which corresponds to the correct combination of
variation sources, will high likely deviate significantly from zero.
As a result, method 1 deteriorates to a high misidentification rate
over 20%. In contrast, the proposed method 2 can explicitly con-
sider the sampling uncertainty by quantifying its variation with

Fig. 4 Comparison of standardized SPVs

Fig. 5 Visualization of estimated SPVs

Fig. 6 Performance comparison in terms of robustness to
sample uncertainty
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the asymptotic variance–covariance coefficients, thus, achieving
the robust misidentification rate around 6%.

4 Conclusion

EDFA is an statistical method for identifying the actual varia-
tion sources in MMPs by integrating qualitative engineering do-
main knowledge and multivariate statistical analysis. However,
when the sample size of the measurement data is limited by the
cost and time constraints, its effectiveness will be impaired due to
sample estimation uncertainty. This paper investigates the asymp-
totic variability of the rotated factor loading elements derived
from sample variance–covariance matrix. The asymptotic multi-
variate distribution and corresponding parameters, i.e., mean vec-
tor and variance–covariance matrix of rotated factor loading
elements, are analytically derived for the IVGFR method. Based
on this derivation, variation sources identification is formulated as
an asymptotic statistical test on the hypothesized match between
the rotated factor loading elements and the restricted elements
predefined in IVs. A procedure based on the EDFA and the statis-
tical testing is proposed for the variation source identification in
MMPs. The proposed method will significantly reduce the mis-
identification rate, especially when the sample size of measure-
ment data is small. The effectiveness and the advantages of the
proposed method have been demonstrated by a case study of a
three-stage assembly process.

The identifiability or diagnosability of the method may be
impaired by the special structure of the IVs. For instance, if the re-
stricted elements in the IV of a potential variation source are a
subset of that in the IV of another variation source, or two IVs are
different in very few (e.g., only one) elements, both variation
sources may be identified as the actual variation sources but the
misidentification rate will be increased. Specifically, it is possible
to generate two types of errors, i.e., (i) the null hypothesis corre-
sponding to the IV of the actual variation source is rejected, or (ii)
the null hypothesis corresponding to the IV of a nonfaulty varia-
tion source is not rejected. These two types of errors are equiva-
lent to the type-I error and type-II error, respectively, and thus
their probabilities can be evaluated accordingly. One solution of
increasing the sensitivity of the test is to adjust the level of the test
based on xc defined in Eq. (32). Future research is needed to iden-
tify the potential combinations of such unidentifiable variation
sources subsets and the corresponding IVs.
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Nomenclature

y ¼ a p � 1 vector containing random deviations of p KPCs
Sy ¼ sample covariance matrix of y
us ¼ an s � 1 vector containing random deviations of s pro-

cess variation sources that actually present in the
process

Cs ¼ a p� s matrix with each column a spatial pattern vector
of a variation source

p ¼ the number of KPCs
n ¼ the sample size
s ¼ the number of variation sources that actually present in

the process
M ¼ the number of potential variation sources
c ¼ the index of a combination of s potential variation

sources
C ¼ the total number of combinations when choosing s out

of M variation sources
Tc ¼ a p� s matrix with the indicator vectors of the variation

sources in combination c
lr ¼ a p � 1 initial factor loading vector, and lr is orthogo-

nal to lt for r= t, r, t¼ 1, 2,…, s
L ¼ a p� s initial loading matrix of lr’s
l̂r ¼ a p � 1 initial factor loading vector estimated from Sy

L̂ ¼ a p� s initial loading matrix estimated from Sy

l
r;c ¼ a p � 1 rotated factor loading vector, r¼ 1, 2,…, s,
given c

Lc
* ¼ a p� s rotated loading matrix of l
r;c’s

l̂


r;c ¼ a p � 1 rotated factor loading vector estimated from

Sy, given c
L̂c

 ¼ a p� s rotated loading matrix estimated from Sy, given

c
Rc ¼ rotation matrix, given c
sm ¼ a p � 1 indicator vector, m¼ 1, 2,…, M
ĝ
�

c

 ¼ restricted loading vector, given c

R
�g

c ¼ the asymptotic variance–covariance matrix of ĝ
�

c

, given c

SPV ¼ spatial pattern vector
EDFA ¼ engineering-driven factor analysis

IV ¼ indicator vector
IVGFR ¼ indicator vector guided factor rotation

Appendix A: The Variance-Covariance Matrix

of the Restricted Loading Vector

The variance–covariance matrix analytically derived for the re-
stricted loading vector is

R
�g

14¼10�4�

3:133 1:687 2:575 0:814 1:518 0:337 0:002 �0:057 0:050 38;�0:151 0:179 0:087 0:152 0:043 0:102 0:021

1:687 2:528 0:788 1:153 �0:830 0:366 0:001 �0:020 0:016 �0:046 0:101 0:067 0:076 0:034 0:034 0:014

2:575 0:788 2:405 0:397 1:913 0:209 0:002 �0:038 0:033 �0:100 0:140 0:058 0:119 0:030 0:088 0:015

0:814 1:153 0:397 0:563 �0:346 0:166 0:001 �0:011 0:009 �0:027 0:052 0:035 0:040 0:015 0:018 0:007

1:518 �0:830 1:913 �0:346 2:520 �0:024 0:002 �0:031 0:028 �0:087 0:089 0:020 0:083 0:011 0:071 0:007

0:337 0:366 0:209 0:166 �0:024 0:087 0:000 �0:011 0:010 �0:030 0:025 0:014 0:020 0:007 0:011 0:001

0:002 0:001 0:002 0:001 0:002 0:000 0:025 �0:003 0:003 �0:007 0:021 0:019 0:011 0:008 �0:005 0:005

�0:057 �0:020 �0:038 �0:011 �0:031 �0:011 �0:003 2:522 �2:197 7:008 �0:509 �0:095 �0:461 �0:040 �0:365 �0:065

0:050 0:016 0:033 0:009 0:028 0:010 0:003 �2:197 1:953 �6:168 0:433 0:086 0:390 0:034 0:300 0:056

�0:151 �0:046 �0:100 �0:027 �0:087 �0:030 �0:007 7:008 �6:168 19:733 �1:328 �0:253 �1:194 �0:107 �0:919 �0:181

0:179 0:101 0:140 0:052 0:089 0:025 0:021 �0:509 0:433 �1:328 3:438 1:850 2:829 0:893 1:668 0:372

0:087 0:067 0:058 0:035 0:020 0:014 0:019 �0:095 0:086 �0:253 1:850 2:677 0:900 1:223 �0:815 0:391

0:152 0:076 0:119 0:040 0:083 0:020 0:011 �0:461 0:390 �1:194 2:829 0:900 2:623 0:452 2:061 0:236

0:043 0:034 0:030 0:015 0:011 0:007 0:008 �0:040 0:034 �0:107 0:893 1:223 0:452 0:595 �0:337 0:178

0:102 0:034 0:088 0:018 0:071 0:011 �0:005 �0:365 0:300 �0:919 1:668 �0:815 2:061 �0:337 2:662 �0:014

0:021 0:014 0:015 0:007 0:007 0:001 0:005 �0:065 0:056 �0:181 0:372 0:391 0:236 0:178 �0:014 0:091

2
6666666666666666666666666666666664

3
7777777777777777777777777777777775
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Appendix B: Validation of the Covariance Estimation

The variance–covariance matrix of the restricted loading vector from simulation of 10,000 replicates is

S
�g

14 ¼ 10�4�

3:446 1:918 2:802 0:926 1:586 0:373 0:002 �0:053 0:048 �0:150 0:172 0:086 0:151 0:041 0:104 0:020

1:918 2:748 0:920 1:256 �0:716 0:398 0:001 �0:019 0:015 �0:044 0:082 0:062 0:071 0:032 0:036 0:014

2:802 0:920 2:578 0:462 1:970 0:233 0:002 �0:038 0:030 �0:099 0:139 0:053 0:098 0:029 0:077 0:014

0:926 1:256 0:462 0:614 �0:278 0:181 0:001 �0:011 0:009 �0:026 0:044 0:035 0:038 0:014 0:019 0:006

1:586 �0:716 1:970 �0:278 2:533 �0:023 0:003 �0:029 0:028 �0:086 0:081 0:018 0:080 0:009 0:096 0:007

0:373 0:398 0:233 0:181 �0:023 0:094 0:000 �0:011 0:010 �0:030 0:021 0:013 0:017 0:007 0:012 0:001

0:002 0:001 0:002 0:001 0:003 0:000 0:027 �0:003 0:003 �0:007 0:020 0:022 0:010 0:007 �0:004 0:005

�0:053 �0:019 �0:038 �0:011 �0:029 �0:011 �0:003 2:343 �2:248 7:183 �0:570 �0:092 �0:436 �0:037 �0:330 �0:060

0:048 0:015 0:030 0:009 0:028 0:010 0:003 �2:248 1:816 �5:089 0:432 0:071 0:364 0:033 0:297 0:052

�0:150 �0:044 �0:099 �0:026 �0:086 �0:030 �0:007 7:183 �5:089 20:457 �1:157 �0:222 �1:073 �0:100 �0:888 �0:190

0:172 0:082 0:139 0:044 0:081 0:021 0:020 �0:570 0:432 �1:157 3:576 2:031 2:931 0:989 1:640 0:421

0:086 0:062 0:053 0:035 0:018 0:013 0:022 �0:092 0:071 �0:222 2:031 3:001 0:992 1:384 �0:969 0:454

0:151 0:071 0:098 0:038 0:080 0:017 0:010 �0:436 0:364 �1:073 2:931 0:992 2:715 0:502 2:073 0:268

0:041 0:032 0:029 0:014 0:009 0:007 0:007 �0:037 0:033 �0:100 0:989 1:384 0:502 0:680 �0:414 0:209

0:104 0:036 0:077 0:019 0:096 0:012 �0:004 �0:330 0:297 �0:888 1:640 �0:969 2:073 �0:414 2:753 �0:015

0:020 0:014 0:014 0:006 0:007 0:001 0:005 �0:060 0:052 �0:190 0:421 0:454 0:268 0:209 �0:015 0:108

2
6666666666666666666666666666666664

3
7777777777777777777777777777777775
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