
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=uiie21

IISE Transactions

ISSN: 2472-5854 (Print) 2472-5862 (Online) Journal homepage: https://www.tandfonline.com/loi/uiie21

Statistical process control procedures for
functional data with systematic local variations

Young-Seon Jeong, Myong K. Jeong, Jye-Chyi Lu, Ming Yuan & Jionghua (Judy)
Jin

To cite this article: Young-Seon Jeong, Myong K. Jeong, Jye-Chyi Lu, Ming Yuan & Jionghua
(Judy) Jin (2018) Statistical process control procedures for functional data with systematic local
variations, IISE Transactions, 50:5, 448-462, DOI: 10.1080/24725854.2017.1419315

To link to this article:  https://doi.org/10.1080/24725854.2017.1419315

Accepted author version posted online: 21
Dec 2017.
Published online: 13 Feb 2018.

Submit your article to this journal 

Article views: 271

View Crossmark data

Citing articles: 2 View citing articles 

https://www.tandfonline.com/action/journalInformation?journalCode=uiie21
https://www.tandfonline.com/loi/uiie21
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/24725854.2017.1419315
https://doi.org/10.1080/24725854.2017.1419315
https://www.tandfonline.com/action/authorSubmission?journalCode=uiie21&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=uiie21&show=instructions
http://crossmark.crossref.org/dialog/?doi=10.1080/24725854.2017.1419315&domain=pdf&date_stamp=2017-12-21
http://crossmark.crossref.org/dialog/?doi=10.1080/24725854.2017.1419315&domain=pdf&date_stamp=2017-12-21
https://www.tandfonline.com/doi/citedby/10.1080/24725854.2017.1419315#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/24725854.2017.1419315#tabModule


IISE TRANSACTIONS
, VOL. , NO. , –
https://doi.org/./..

Statistical process control procedures for functional data with systematic
local variations

Young-Seon Jeonga, Myong K. Jeongb, Jye-Chyi Luc, Ming Yuand and Jionghua (Judy) Jine

aDepartment of Industrial Engineering, Chonnam National University, Gwangju, South Korea; bDepartment of Industrial and Systems Engineering,
Rutgers, the State University of New Jersey, Piscataway, NJ, USA; cSchool of Industrial and Systems Engineering, Georgia Institute of Technology,
Atlanta, GA, USA; dDepartment of Statistics, Columbia University, New York, NY, USA; eDepartment of Industrial and Operations Engineering, University
of Michigan, Ann Arbor, MI, USA

ARTICLE HISTORY
Received  December 
Accepted  December 

KEYWORDS
Data denoising; mixed
effects; process monitoring;
profile data; wavelet
thresholding

ABSTRACT
Many engineering studies for manufacturing processes, such as for quality monitoring and fault detection,
consist of complicated functional data with sharp changes. That is, the data curves in these studies exhibit
large local variations. This article proposes a wavelet-based local random-effect model that characterizes
the variationswithinmultiple curves in certain local regions. An integratedmean and variance thresholding
procedure is developed to address the large number of parameters in both the mean and variance models
and keep themodel simple and fit the data curves well. Guidelines are provided to select the regularization
parameters in the penalized wavelet-likelihood method used for the parameter estimations. The proposed
mean and variance thresholding procedure is used to develop new statistical procedures for process moni-
toring with complicated functional data. A real-life case study shows that the proposed procedure is much
more effective in detecting local variations than existing techniques extended from methods based on a
single data curve.

1. Introduction

Advances in sensing technology have created opportunities to
collect large amounts of functional data that can be used to solve
problems that previously could not be explored. For example,
Jin and Shi (1999) and Zhou et al. (2006) used functional data
to detect the types of stamping/forging faults in metal forming;
Figure 1 shows stamping tonnage signals that contain rich
information about the features of stamping process failures (Jin
and Shi, 1999, 2001). The individual die forces contribute to the
total tonnage signals at different local segments, and different
dies may generate different tonnage variations due to variations
in the degradation rates, sensitivities to temperature fluctua-
tions, material properties variations, etc. A local change in the
tonnage signals can be justified since press machines and dies
are designed to actively operate at certain crank angles. Thus,
it is important to consider such inherent local variations in the
development ofmonitoring charts. Similar examples can be seen
in semiconductor manufacturing (Lada et al., 2002) and nuclear
power generation (Omitaou et al., 2006). Functional data can be
used in applications other than engineering studies, including
on investigating a biomarker of early colon carcinogenesis
(Morris et al., 2003) and modeling functional sulfur dioxide
samples for environmental monitoring (Castro et al., 2005).

All datasets in the above studies show complicated, local non-
stationary characteristics, especially when process faults occur.
For example, a tonnage signal (Jin and Shi, 1999) has several
regions of nonstationary patterns representing different process
problems. The tonnage curves in Zhou and Jin (2005) show that
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a relatively small change around the center of the peak ton-
nage indicates a significant process fault. Figure 2 shows four
strain gage sensors mounted on four pillars of a forging press
machine. These sensors are used to measure the aggregated
tonnage forces on the press created by all the dies, and the
summation of these four tonnage sensor signals is referred to as
the “total tonnage signal” in this article.

The mean profile of the total tonnage signal under normal
operational conditions reflects the average properties of the
incoming raw materials, workpiece geometry, process setups,
and die working conditions, etc. Variations in these tonnage sig-
nals reflect natural process variations due to factors that inher-
ently disturb the process, such as unevenly spraying lubricant
over the surface of the workpiece, inevitable fluctuations in the
temperature of the press and embedded dies, inherent variations
in the incoming workpieces including their material properties,
etc. For example, loose tie rods and worn bearings in the main
crankshaft are reflected by changes in the tonnage profile around
the peak. Also, cylinder cushion force stability can be reflected
by variations in tonnage profiles within the local region when
the upper die starts to separte from the low die (Jin and Shi,
1999). Since tonnage force signals can provide a wealth of infor-
mation about those process variations and operating conditions,
it is always desirable to effectively use these tonnage signals for
online process monitoring and quality improvements.

Almost all of the discussed works have advocated using
wavelets to handle complicated patterns in their functional
data. Another reason for the popularity of wavelets in recent
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Figure . In-control tonnage curves with systematic local variations around the
center.

engineering applications is the availability of a fast algorithm
for Discrete Wavelet Transform (DWT) that is similar to the
Fast Fourier Transform commonly used in signal processing.
The computational efficiency of the DWT is better than that of
other transforms.

In addition, there has been a considerable amount of
literature that has elaborated on the importance of devel-
oping wavelet-based methods to analyze complicated high-
dimensional data. For example, Jin and Shi (1999) used
engineering knowledge to segment data to isolate fault types.
Then, wavelet coefficients were selected using a procedure
similar to the universal thresholding rule proposed by Donoho
and Johnstone (1994). Both segmentation and threshold-
ing reduce the amount of data, creating efficiency in further
decision making. Jeong et al. (2006a) developed a procedure
to balance the modeling accuracy and data reduction goals
and treated selected wavelet coefficients as reduced-size data.
These reduced-size data were then analyzed using statistical or
data-mining procedures (e.g., classification). Soleymani et al.
(2009) proposed a method combining a general linear model
and wavelet transform technique to analyze fixed and random
effects via functional magnetic resonance imaging. To identify
the fixed and random coefficients, they applied the vertical
energy thresholding (VET) method, which is a dimension
reduction method used in the wavelet domain. Then, random
effect coefficients are identified through the between-variations
of different subjects. Morris and Carroll (2006) presented
a Bayesian wavelet-based mixed-effect model to represent

the broad range of the mean and between-curve correlation
structure. The proposed functional mixed model is flexible,
accommodating various types of nonstationary functional
data. In addition, Guo et al. (2012) proposed a wavelet-based
Exponentially Weighted Moving Average (EWMA) chart and
Cumulative SUM (CUSUM) chart to monitor small mean shifts
and variance changes, respectively. The proposed approach used
multi-scale Haar wavelet coefficients selected by the optimal
level of detail coefficients to detect process faults.

For multiple sets of complicated functional data, Jeong et al.
(2006b) presented a Phase-II study that established Statistical
Process Control (SPC) limits based on estimated model param-
eters frommultiple sets of antenna data curves collected during
in-control manufacturing. Lada et al. (2002) and Ganesan et al.
(2003) collected several sets of semiconductor manufacturing
data curves to model process behaviors and fault patterns.
Castro et al. (2005) collected multiple sets of complicated
functional data in different time periods for numerous environ-
mental monitoring stations. Chicken et al. (2009) proposed a
SPCmodel for a single profile based on the likelihood ratio test,
for which all wavelet coefficients were considered. In all of these
studies, the functional data curve serves as an experimental
unit, and many replicates of these units are naturally needed in
statistical modeling and data-mining analysis. Paynabar and
Jin (2011) used a wavelet-based mixed-effect model to char-
acterize within- and between-profile (nonlinear) variations.
The profiles of pressing force signals obtained from a valve
seat assembly procedure were used to illustrate the work. In
cancer research, Morris and Carroll (2006) and Morris et al.
(2006) used Bayesian wavelet-based functional mixed models
to characterize complicated nonlinear profile data.

However, most existing random effect models, such as
Bayesian-based procedures (Chipman et al., 1997; Abramovich
et al., 1998; Crouse et al., 1998; Vidakovic, 1998), have con-
sidered all coefficients to be random variables. Therefore, this
article proposes a wavelet-based random effects model that
can capture between-curve variations in various sizes of local
regions depending on the support region covered by a few
random wavelet coefficients. More important, the proposed
model makes no assumption regarding which wavelet coefficient
is random and which is not. In this article, we develop a formal
variance-thresholding procedure to identify random wavelet
coefficients. One of our goals is to develop a data reduction pro-
cedure to extract representative variance parameters. By using
the selected wavelet coefficients, the proposed procedure can
approximate a profile and can closely model its features, such
as local variations or jumps. In addition, based on the proposed

Figure . Forging a press with four strain sensors on the columns (adopted from Yang and Jin ()).
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mean and variance thresholding procedure, we propose a profile
monitoring procedure as an extension of process monitoring
via wavelet-based mixed effects modeling. The proposed profile
monitoring procedure is developed with a smaller number of
selected components under a wavelet-based mixed model to
detect changes in process mean and variance in functional data.

In summary, this article proposes an integrated Wavelet
Mean and Variance Thresholding (WMVT) procedure to select
representative coefficients to model nonstationary data patterns
and local variations in multiple sensor signals together with
SPC procedures for profile monitoring with the selected vari-
ables in the wavelet domain. By using the proposed WMVT,
our model can detect both changes in the mean and vari-
ance, which have different root causes in diagnosis during
process monitoring. The experimental results indicate that
our procedures are much more effective in detecting local
variations when handling complicated multiple functional data
curves.

This article is organized as follows: after the introdution in
Section 1, Section 2 briefly reviews the background of wavelets,
and Section 3 proposes a wavelet-based local random-effect
model. Section 4 develops the WMVT procedure and provides
guidelines to select the regularization parameters. The profile
monitoring procedures and the experimental results are pre-
sented in Section 5 and Section 6, respectively. A case study
using a real-world example is presented in Section 7. Conclu-
sions and suggestions for possible future works are offered in
Section 8.

2. Introduction to wavelets

Let yi = [yi1, yi2, . . . , yiN]T be a vector of N equally spaced
data points (or a curve) at time i obtained from a manu-
facturing process, where N = 2J with some positive integer
J and i = 1, 2, . . . ,M for independently replicated curves.
The superscript T represents the transpose operator. Let
Y = [yT1 , yT2 , . . . , yTM]T . When a DWT W is applied to the
data Y, the vector of wavelet coefficients obtained from this
transformation is D = YW, where D = [dT1 , dT2 , . . . , dTM]T ,
di = [di1, di2, . . . , diN]T , dim is the wavelet coefficient at the
mth wavelet position for the ith data curve, and W = [hi j],
for i, j = 1, 2, . . . ,N, is the orthonormal N × N wavelet-
transform matrix. In addition, by using the inverse DTW
W−1, the original observations Y can be reconstructed through
Y = DW−1. SeeMallat (1998, Chapter 4) for details of theDWT.

The statistical literature has focused on single-curve data
(Jeong et al., 2006a, 2006b). A popular underlying model
with a certain constant variance random-error structure—e.g.,
y = f + ε , or d = θ + εd—is assumed to generate N data
points. Then, a few wavelet coefficients can be selected based on
a thresholding procedure to estimate the true model (Donoho
and Johnstone, 1994). In the signal processing literature, a few
of the largest coefficients are selected, and other coefficients
are set to zero, to use the inverse DWT to approximate the
original data curve (Mallat, 1998, Section 9.2). The selected
wavelet coefficients in both the statistical and signal processing
literature can be used as “reduced size data” in the follow-up
decision analysis (e.g., Jeong et al. (2006a)).
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Figure . Support areas of active randomwavelet coefficients.

Figure 3 yields a better understanding of the relationship
between f in the time domain and its DWT θ in the wavelet
domain. Based on the Symmlet-8 wavelet, Figure 3(a) shows
that each wavelet coefficient will only affect the original data
curve in its support area. Using all of these coefficients together
with the local random-effect model proposed in Section 3,
Figure 3(b) illustrates that the original data curves and their
local variations can be generated. In Figure 3(b), the red line
indicates a baseline, and the 16 black lines represent curves with
local variations at both ends, characterized by several wavelet
coefficients. Note that the center areas of the curves (black
color) overlap with a baseline curve (red color), and the data
noise was not added into Figure 3(b).

Considering only the case where a local segment of data has
shifted, Jeong et al. (2006b) presented an analytical mapping
between the time and wavelet domain data. By analyzing the
support of the changed wavelet coefficients, the second result
of Theorem 1 by Jeong et al. (2006b) can be used to identify the
locations of the changes in the original time domain. This is
important in process fault analysis.

3. Wavelet-based local random-effect model

To elaborate the proposed model, denote θi j by the jth true
wavelet coefficient for the ith curve and di j the sample version
of θi j. The di js are assumed to be independent and to follow a
distribution of N(θi j, σ 2), where the θi js and σ 2 are unknown
parameters to be estimated. In some support regions of the
wavelet coefficients, the data from different replicates have sim-
ilar behaviors and thus we assume that θ1 j = · · · = θMj ≡ θ· j
to keep a simple model. In other regions, the data curves differ
significantly (see Fig. 3(b)). Then, the θi js are modeled as
independent random effects with θi j ∼ N(θ· j, τ 2j ), where θ· j
measures the average value of the wavelet coefficients in the jth
position and τ 2j is the wavelet position–dependent variance.
To simplify the expressions, we assume that all θi j ∼ N(θ· j, τ 2j )
with the convention that τ 2j = 0 implies a fixed-effect model of
θ· j . By using the inverse DWT to approximate the original data
curve, replicated curves from the wavelet-basedmixedmodel in
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Figure . Replicated tonnage curves from the random-effect model.

the time domain will have systematic variations over the region
covered by the wavelet coefficients ci, j or di, j , which indicates an
approximate coefficient vector and a detail coefficicent vector,
respectively.

Example 1 (Local variations around center—tonnage data):
Focusing only on the center portion of the tonnage signals,
Figure 4(a) shows the original data curves in the normal-
condition stamping process. Figure 4(b) shows 24 replicated
curves from a random-effect model with a variance τ 22,2 = 1002
for the coefficient c2,2, which supports the area [t65, t128] as stud-
ied in Figure 2(a). By transforming the coefficient c2,2 into the
original domain, the local variations around the center similar
to the original data are restored, as shown in Figure 4(b). Thus,
a wavelet random-effect model can capture the local variations
by handling the corresponding wavelet coefficients.

Example 2 (local variations at side-regions—antenna data):
Suppose that only the following five wavelet coefficients
c4,8, c4,9, c4,11, c4,12, and d4,16 are random. See Figure 3(a) for the
support areas of these wavelet bases in the case of the Symmlet-8
wavelet family. Note that all of the support areas from these ran-
domeffects are only on two sides of the antenna data. Figure 3(b)
shows simulated curves with σ 2 set to zero in order to display
the impact of these random effects. These examples show that in
addition to the typical meanmodeling with thresholded wavelet
methods (e.g., Jeong et al. (2006a)), it is important to decide
which wavelet coefficients should be random and to estimate
the variances in the random effects. The next section proposes
a thresholding method that simultaneously captures both the
mean pattern and the local variation for multiple curves.

4. TheWMVT procedure

The local random-effect model proposed in Section 3 can be
summarized as follows:

di j = θi j + zi j, (1)

where θi j ∼ N(θ. j, τ 2j ) and zi j
iid∼N(0, σ 2). Note that one does

not know which true wavelet coefficients are random effects, and
this will be determined based on the procedure we propose below.

Let us start with the situation where all coefficients are
random and also assume that random-effect coefficients are
independent (Guo, 2002; Morris and Carroll, 2006). Estimat-
ing the mean and variance parameters can be achieved by
minimizing the following negative log-likelihood:

M
N∑
j=1

ln(σ 2 + τ 2j )+
∑M

i=1
∑N

j=1 (di j − θ· j)2

σ 2 + τ 2j
. (2)

To encourage sparsity among θ· js and τ· js so that the
number of coefficients remains small and data reduction
can be achieved, we impose two penalties at the end of the
log-likelihood function:

M
N∑
j=1

ln(σ 2 + τ 2j )+
∑M

i=1
∑N

j=1 (di j − θ· j)2

σ 2 + τ 2j

+ λ1
∑N

j=1
|θ· j| + λ2

∑N

j=1
τ 2j . (3)

The minimization of Equation (3) follows the spirit of
soft-thresholding. See Remark 1 below for details.

The first penalty term with a regularization parameter λ1
encourages sparsity among mean parameters θ· js. The second
term with λ2 encourages some of the τ js to be zero, which
implies that the jth position wavelet coefficient is a fixed effect.
See the Remarks after the parameter estimation algorithm
for further insight regarding the thresholding effects. Tuning
parameters λ1 and λ2 control the trade-off between the model-
ing accuracy (in terms of maximizing the likelihood function)
and sparsity. Note that tuning parameters λ1 and λ2 should be
different, as the number of random-effect coefficients influ-
ences the smoothness of the curves, whereas the heterogeneity
of multiple curves affects the selection of λ2. Thus, a larger
λ2 can model multiple homogeneous curves (see Section 4.1
for further details). By sharing information across all multiple
curves, the proposed approach achieves bothmean and variance
thresholding.

Algorithm for Parameter Estimation:

Given λ1 and λ2,
1. Initialize an estimate of σ 2.

Based on our experiments, wavelet coefficients at the
finest level are less likely to be random effects. Thus, an
initial estimate of σ 2 can be obtained from the following
pooled variance idea. For each curve, obtain an estimate
ofσ 2 based onDonoho and Johnston’s (1994) robust esti-
mate. Then, the common variance σ 2 for M curves can
be estimated by averaging these robust estimates: σ̂ =
M−1 ∑M

i=1 0.6745
−1median(|dim| : N/2 + 1 ≤ m ≤ N),

where the index m indicates wavelet coefficients at the
finest level.

2. Initialize an estimate of τ js.
(i) If the sample variance of d· j is larger than the cur-

rent estimate of σ 2, estimate τ 2j by the difference
between the two. That is, this position of the wavelet
coefficients has a random effect.
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(ii) Otherwise, estimate τ 2j by zero.
3. Update θ̂· js by minimizing Equation (4) with respect to
θ· js.
By minimizing the penalized log-likelihood function
with respect to θ· js, we obtain the following closed-form
solution for the estimate of θ̂ js (see Appendix for its
detailed derivation).

θ̂· j =
(
|d̄· j| − λ1(σ̂

2 + τ̂ 2j )/(2M)
)

+
sign(d̄· j), (4)

where (x)+ = max(x, 0) and d̄· j = (d1 j + · · · +
dMj)/M.

4. Update τ̂ 2j by minimizing Equation (3) with respect to
τ js.
Similarly, by minimizing the penalized log-likelihood
function with respect to τ js and by defining
s2j = ∑M

i=1 (di j − θ̂· j)2/M, we can also obtain a closed-
form solution for the updated estimate of τ̂ 2j as follows
(see Appendix for its derivation):

τ̂ 2j =
⎛
⎝−1 +

√
1 + 4s2jλ2/M

2λ2/M
− σ̂ 2

⎞
⎠

+

. (5)

5. Update σ̂ 2 by minimizing Equation (3) with respect to
σ 2.
We can solve the following equation to obtain the
updated estimate of σ 2 (see Appendix for the detailed
derivation):

N∑
j=1

σ̂ 2 + τ̂ 2j − s2j
(σ̂ 2 + τ̂ 2j )

2 = 0. (6)

6. Repeat Steps (3) to (5) until the differences between the
updated estimates for θ· j ’s, τ 2j , and σ 2 and their previ-
ous values are smaller than the prespecified precision
threshold values.

Remark 1: The algorithm presented above reveals some oper-
ating characteristics of the proposed approach. Step 3 is similar
to soft-thresholding. Although a hard-thresholding procedure
(set smaller θ̂i j to zero if it is less than the threshold) will
retain fewer coefficients and thus achieve better data reduc-
tion, soft-thresholding offers various advantages, including
continuity of the shrinkage rule (Bruce and Gao, 1996). Hard-
thresholding also leads to a larger variance in the estimates, and
it is also sensitive to small changes in the data. Interestingly,
the minimization of Equation (3) leads to the use of varying
threshold values for means at different wavelet positions when
different variability at different positions is considered. Thus,
our estimate is expected to outperform soft-thresholding with
a fixed threshold value developed under a constant variance
model used in most of the wavelet-thresholding literature (e.g.,
Donoho and Johnstone (1994) and Jung et al. (2006)).

Remark 2: Step 4 discloses the mechanism behind variance
thresholding. By going through some algebric simplification,
one can see that Equation (5) implies that τ̂ 2j = 0 if

s2j < σ̂ 2 + λ2σ̂
4/M. (7)

Therefore, the positions whose coefficients display limited
variation will be set as fixed effects by shrinking the τ̂ 2j s to zero.
Then, these zero coefficients will not be used as reduced-size
data in later decision analysis.

Remark 3: Step 5 updates the estimate of σ 2. Although this is
an easy one-dimensional optimization problem, it is the most
time-consuming step of the algorithm, due to the lack of a
closed-form solution. Also, our procedure finds the estimates
based on an iterative algorithm. Given λ1 and λ2, Equation (3) is
a convex function of each of the θ· js, τ js, andσ 2 by fixing the oth-
ers (Yuan and Wahba, 2004). Thus, we can minimize Equation
(3) with respect to θ· js, τ js, and σ 2 using an iterative method
such as the Newton iteration, which is known to be globally
convergent for functions convex on R (Stoer and Bulirsch,
2002).

Remark 4: With the estimates of the model parameters, M
multiple curves can be reconstructed in the following way. First,
obtain the estimate of the θi js as follows: (i) for a random-effect
position, obtain θ̂i j from simulated normal random variates
with mean θ̂. j and variance σ̂ 2 + τ̂ 2j ; (ii) for a fixed-effect posi-
tion, simulate θ̂i j from a normal distribution with mean θ̂. j and
variance σ̂ 2. Then, apply the inverse DWT with these estimates
to reconstruct multiple curves.

Remark 5: We assumed that the wavelet coefficients within
a given curve are independent. When this assumption is not
satisfied, we need to extend our model by incorporating the
covariance regularization into the model in Equations (2)
and (3) (Bickel and Levina, 2008), where many more samples
are needed due to the large dimensions of the covariance
matrix.

4.1. Guideline for the selection of tuning parameters

The effectiveness of the proposed WMVT procedure depends
on the tuning parameters λ1 and λ2. For the tuning parame-
ters, we apply the leave-one-out cross-validation technique, as
the sample size is small. Let the θ̂ [k]. j s, τ̂

2[k]
j s, and σ̂ 2[k] be the

estimates obtained by minimizing the penalized log-likelihood
function in Equation (3) based on all data curves except the
kth one. The measure of the quality of these estimates is
based on the log-likelihood for data dk (see below). Then,
the cross-validation estimate of λ1 and λ2 is defined to be
the minimizer of the following log-likelihood function for all
M curves being left out one at a time in the cross-validation
process:

V ∗
0 (λ1, λ2) =

M∑
k=1

⎡
⎣ N∑

j=1

ln
(
σ̂ 2[k] + τ̂

2[k]
j

)
+

∑N
j=1 (dk j − θ̂

[k]
· j )

2

σ̂ 2[k] + τ̂
2[k]
j

⎤
⎦ .

If we let K1 be number of nonzero mean wavelet coefficients
and K2 the number of wavelet random-effect positions, from
our experimental experience (not reporpted here) based on
various types of curves, the following general guidelines are
provided to select λ1 and λ2:

1. λ1: The smoothness of the curves affects λ1. In gen-
eral, smoother curves require a smaller K1. Since a
larger λ1 penalizes the likelihood function more (see
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Equation (3)), K1 becomes smaller. It is then recom-
mended to use a larger λ1 to model smoother curves,
such as tonnage curves.

2. λ2: The heterogeneity of multiple curves affects the
selection of λ2. For more homogeneous curves, such
as tonnage curves, a smaller K2 is sufficient to capture
the local variation around the center peak (see Fig. 3).
Thus, a larger λ2 is recommended to model multiple
homogeneous curves. On the other hand, a larger K2 is
needed to model more heterogeneous curves, such as
antenna data, and thus a smaller λ2 is recommended.

5. Profile monitoring via the wavelet-based local
random-effect model

This section shows how to use selected wavelets to monitor
possible systematic changes of curves at certain local regions.
Suppose that an automobile sheet metal stamping process has a
process change at time i and thus tonnage curves collected after
time i have larger systematic “local variations” compared with
the original curves. Figure 5 shows an example of certain local
changes around the center. Multiple curves from the normal
condition are presented in blue. The curves from the abnormal
condition are plotted in red lines that have greater variation
around the center than the blue lines. Note that the curves from
both conditions match well in regions other than the center
area; e.g., data below 60 units and beyond 125 units in the
x-axis. There are very few publications on variance monitoring,
especially for monitoring abnormal variations in local regions.
Therefore, unlike the traditional time domain–based SPC
procedures in profile monitoring (Reynolds and Cho, 2006;
Huwang et al., 2007; Zou et al., 2007), this section presents
a SPC procedure to monitor a few selected wavelet coefficients
capturing systematic local variations. Comparison studies show
a much smaller Average Run Length (ARL) for our proposed
SPC procedure. In this study, the following two scenarios are
examined: (i) only one process variance changes and (ii) both
the mean and variance change.
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Figure . Local variations around the center area in tonnage curves.

5.1. Only the process variance changes

Let di = (di,1, di,2, . . . , di,N ) be wavelet coefficients of the ith
observation yi. When the process is in control, the di, js are
independent and areN(θ. j, σ 2 + τ 2j ) distributed where θ. js, σ 2

and τ 2j were estimated using theWMVT procedure described in
Section 4. After identifying the fixed- and random-effect wavelet
coefficients through the WMVT procedure, we rearranged the
positions of the wavelet coefficients so that the first p1 variables
are random-effect coefficients, the next p2 variables are fixed-
effect coefficients, and the remaining are shrunken coefficients.
For these selected coefficients to be monitored, the covariance
matrix of wavelet coefficients �0 can be expressed as

�0 =
⎡
⎣�

r(p1×p1)
0 0p1×p2 0p1×(N−p1−p2)

0p2×p1 �
f (p2×p2)
0 0p2×(N−p1−p2)

0(N−p1−p2)×N

⎤
⎦

N×N

,

where �r
0 = (σ 2 + τ 2j )Ip1 and �

f
0 = σ 2Ip2 are the covari-

ance matrices of random- and fixed-effect variables,
respectively, and Ipi is the pi × pi identity matrix. Let

d̃
r f
i = (di,1, . . . , di,p1 , di,p1+1, . . . , di,n1 ) be the vector of only

random- and fixed-effect wavelet coefficients and n1 = p1 + p2.
Then, the mean and covariance matrices of d̃

r f
i are given by

θ
r f
0 = [θr0

...θ f
0 ]

′; , �
r f
0 =

[
�

r(p1×p1 )
0 0p1×p2

0p2×p1 �
f (p2×p2)
0

]
n1×n1

,

where θr0 and θ
f
0 are the mean vectors of random- and fixed-

effect variables, respectively. Both θ
r f
0 and �

r f
0 are known

quantities from baseline profiles.
Under the assumption that only the process variance is

changed, the hypothesis-testing formulation for a process-
monitoring procedure in the wavelet domain is given as
follows:

H0 : θi j ∼
{
N(θ. j, τ 2j + σ 2), j ∈ D
N(θ. j, σ 2), j /∈ D, versus

H1 : θi j ∼
{
N(θ. j, τ 2j + η j + σ 2), j ∈ D
N(θ. j, σ 2), j /∈ D,

where D is the set of random coefficients, θ. j measures the aver-
age value of wavelet coefficients in the jth position, and η j is the
change in process variance for the jth random-effect coefficient.

The process changes under the above situation can be
detected by solely monitoring the random-effect variables,
d̃ri = (di,1, . . . , di,p1 ), in the wavelet domain. In addition, the
standardized version of d̃ri , ũi = �

r−1/2
0 (d̃ri − θr0), follows the

normal distribution with mean θsi = �
r−1/2
0 (θri − θr0) and

covariance �s
i = �

r−1/2
0 �r

i�
r−1/2
0 where θri and �r

i are the
mean and covariance vectors of d̃ri , respectively. Thus, when
the process is in control, ũi is distributed as N(0, Ip1 ). The
SPC procedure presented below will monitor the standardized
coefficients ũi.

In the case of Phase II process monitoring with an individual
observation, Ai = ũiũ′

i can be used as an estimator for �s
i when

the process mean does not change. The threshold estimate,
Ai = ũiũ′

i, is not unbiased, but it is consistent in the operator
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norm, uniformly over the class of matrices as long as (log p)/N
→ 0 (Bickel and Levina, 2008). The estimator does not need to
be unbiased, as the monitoring statistics based on a consistent
estimator Ai = ũiũ′

i can capture the changes in �s
i when the

process mean does not change. One way to improve the perfor-
mance is to combine as much information contained in Ai as
possible from data collected over time to utilize a EWMA chart
(Macgregor and Harris, 1993).

Define the EWMA of Ai at the ith profile observation as

Zi = δAi + (1 − δ)Zi−1, 1 ≤ i ≤ M, (8)

where 0 < δ < 1 is a smoothing constant and Z0 = ũ1ũ′
1 is

an initial estimate of the covariance (Macgregor and Harris,
1993). After some algebraic manipulations, Equation (8) can be
expressed alternatively as

Zi =
i∑

k=1

δ(1 − δ)i−kAk with
i∑

k=1

δ(1 − δ)i−k = 1.

When the process mean does not change, E(Zi) =∑i
k=1 δ(1 − δ)i−kE(Ai) = �s

i . Thus, Zi can be used to esti-
mate �s

i . Since the trace, which is the sum of the diagonal
of the covariance matrix, measures the overall variability in
a covariance matrix, we propose the following monitoring
statistic:

Wi = tr(Zi) =
i∑

k=1

δ(1 − δ)i−k

⎛
⎝ p1∑

j=1

u2k, j

⎞
⎠. (9)

By using the large-sample normal approximation theory,
control limits for Wi are given by

CLWi = p1 ±	−1(1 − α)

√√√√ i∑
k=1

(
δ(1 − δ)i−k

)2
2p1,

where α is the significance level and 	 is the standard normal
distribution function. This confidence interval is utilized to
detect local variations for SPC monitoring and will also be used
in the later comparisons of simulated results (see Appendix for
the detailed derivations ofCLWi).

5.2. Both the processmean and the variance change

Under the assumption that both the process mean and variance
may change during the monitoring period, we can detect the
process change by monitoring both random- and fixed-effect
variables. When the process is in control, we can assume that
θ
r f
i = θ

r f
0 and �

r f
i = �

r f
0 where both θ

r f
0 and �

r f
0 are the

mean and covariance vectors of d̃r fi . The standardized version
of d̃r fi , ṽi = �

r f−1/2
0 (d̃r fi − θ

r f
i ), follows the normal distri-

bution with mean θv
i = �

r f−1/2
0 (θ

r f
i − θ

r f
0 ) and covariance

�v
i = �

r f−1/2
0 �

r f
i �

r f−1/2
0 . Thus, when the process is in control,

ṽi is normally distributed as N(0, In1 ) where n1(= p1 + p2) is
the number of fixed- and random-effect variables.

Assuming that the process mean and variance change,
the hypothesis-testing formulation for a process-monitoring

procedure in the wavelet domain is given as

H0 : θi j ∼
{
N(θ. j, τ 2j + σ 2), j ∈ A
N(θ. j, σ 2), j /∈ A, versus

H1 : θi j ∼
{
N(θ. j + υ j, τ

2
j + η j + σ 2), j ∈ A

N(θ. j, σ 2), j /∈ A,

whereA is the set of shifted wavelet coefficients, υ j is the change
in the process mean for the jth coefficient, and η j is the change
in the process variance for the jth random-effect coefficient.

When the process mean changes during the monitoring
period, Zi is modified by

Ci =
i∑

k=1

δ(1 − δ)i−k(ṽk − γk)(ṽk − γk)
′
, 1 ≤ i ≤ M, (10)

where γk is the estimate of the process mean. The optimal
estimate γ i for process mean at time i is ϕṽi + (1 − ϕ)γ i−1 with
smoothing weight 0 < φ < 1 (Macgregor and Harris, 1993).
As

E(Ci) → 2(1 − φ)

(2 − φ)
�v

i as i → ∞,

then ((2 − φ)/2(1 − φ))Ci can be used as the estimator of �v
i

(see the Appendix for a derivation of the estimator �v
i ). Since

(2 − φ)/2(1 − φ) is a constant, we can propose the following
monitoring statistic:

Qi = tr(Ci) =
i∑

k=1

δ(1 − δ)k−itr((ṽk − γk)(ṽk − γk)
′
),

By using large-sample normal approximation theory, the
control limit of Qi is given by

CLQi = n1
i∑

k=1

πkk ±	−1(1 − α)

√√√√2n1
i∑

k=1

i∑
j=1

π2
k j.

(See Appendix for the derivation ofCLQi .)

6. Performance evaluation for process monitoring

This section presents the results of a simulation using tonnage
stamping signals to compare the Average Run Length (ARL1)
values from the proposed statistic Wi and Qi and six Hotelling
T2 procedures extracted from the literature: (i) all wavelet coef-
ficients (denoted as T 2

A) and selected wavelet coefficients based
on (ii) VisuShrink method (denoted as T 2

Js); (iii) VET method
(denoted as T 2

Vet ); (iv) VertiShrink method (denoted as T 2
Vs);

(v) Principal Component Analysis (PCA) method (denoted as
T 2
PCA); and (vi) Paynabar and Jin’smethod (2011; denoted asT2

PJ).
See Equation (11) for a detailed definition. Most of the existing
wavelet-based monitoring approaches (e.g., Jin and Shi (2003),
Jeong et al. (2006b), Zhou et al. (2006), and Jin and Li (2009))
consider only within-profile variation, so this article selects
the wavelet-based mixed-effect model studied in Paynabar and
Jin (2011) to conduct a benchmark performance comparison.
Their mixed-effect model captures both within-profile and
between-profile variations and is thus the most relevant to our
work, which characterizes the local between-profile variations.
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The control limits are set to make in-control ARL0 = 200
(Kang and Albin, 2000). The comparison study connects our
wavelet selection procedure described in Section 4 to the SPC
procedure. That is, we investigate the impact of different selec-
tions of wavelet coefficients to the performance of the profile
monitoring. This comparison study uses 24 simulated tonnage
signalswithN= 256 baseline observations, as shown in Figure 1.
Since the types of wavelet transform are not critical for the sim-
ulated performance, in this simulation, the Symmlet-8 wavelet
is used with the lowest resolution level (L) set to a value of four.
Random noise from the normal distribution N(0, σ 2) with
σ 2 = 1 is added to generate 1000 replications for each study.

In order to improve the efficiency of a Hotelling T 2 statistic,
several authors have proposed testing a subset of the coefficients.
For example, Jin and Shi (2001) applied the VisuShrink data
reduction procedure (Donoho and Johnstone, 1994) to select
smaller important wavelet coefficients for process monitoring.
Jung et al. (2006) proposed a VET data reduction procedure
with multiple curves. They constructed the Hotelling T 2 with
screened coefficients by using the data reduction procedure

T 2
S = (di,S − θ0,S)

T�−1
0,S(di,S − θ0,S), (11)

where �0,S = (σ 2
j )Iq, j ∈ S, q = |S|, σ 2

j is the variance of the jth
wavelet position for the baseline profiles, and S is a set of the
selected wavelet coefficients obtained by using data reduction
methods, such as VisuShrink, VET, and VertiShrink (Donoho
and Johnstone 1994; Chang and Vidakovic, 2002; Jung et al.
2006). di,S is the vector of wavelet coefficients included in the
set S for the ith data curve, and θ0,S is the vector of the average
value of wavelet coefficients in the set S for the baseline profiles.
The control limit then becomes

UCL = χ2
α,q,

where χ2
α,q is the upper αth percentile point of the chi-squared

distribution with q degrees of freedom.
To evaluate the capability of the proposed methods to detect

different types of process changes, two scenarios with different
changes are investigated.

Case I: Only the process variance has changed
The simulated curve at time i is generated under a random shift
γt j ∼ N(0, κσ 2

γ ) in the wavelet domain as follows:

yi(t j) =
{
f0(t j)+ γt j + ε(t j), t j ∈ A
f0(t j)+ ε(t j), elsewhere,

where σ 2
γ = ∑

k∈D h2k jτ
2
k , D is a set of the selected random

wavelet coefficients for tonnage signals, A is the shift area [91,
110] units in the time domain, and κ(>1) is the level of shift
for the variance κσ 2

γ . κ = 1 implies that there is no change
in variance. Specifically, based on the proposed WMVT, in
this experiment, three wavelet coeffeicnts, (c4,6, c4,7, c4,8), are
selected as random-effect coefficients. The support areas in the
time domain of these coefficients is covered from t81 to t128.

Table 1 reports the ARL1 values for the Hotelling T 2 charts
with different thresholding results under different amounts of
variance change. The results indicate that all other procedures
show the improvement when detecting process changes com-
pared with the T 2

A chart. Due to the high dimenisonality of the
data, the T 2

A chart does not work well. The proposedWi chart

Table . Comparison of ARLs for Hotelling T 2 charts with different thresholding
results.

Level of variance
shift (κ) T 2

A T 2
Js T 2

Vs T 2
Vet T 2

PCA T 2
PJ Wi Qi

 . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .

produces the smallest ARL1 to detect process changes than
the methods extended from ideas given in the literature. For
example, compared with the T 2

PCA chart, our proposedWi chart
has improved ARLs on average of 20%. In addition, theWi chart
performs much better than the other charts in detecting smaller
levels of change in variance.

In the case of a PCA-based approach, we used the first
six Principal Components (PCs) since six PCs are enough to
explain most of the total variations. However, as shown in
Figure 6, the selected PCs could not capture the local variations
in the original data, leading to a higher ARL.

In addition, we compare the proposed control chart with
the chart designed to detect changes in the variance, such as
the |S| chart, which is designed to detect changes in the vari-
ance when both the mean and variance are changed (Aparisi
et al., 1999). Since our problem is process monitoring for an
individual observation (curve), it is not possible to obtain the
sample variance-covariance matrix in the |S| chart. Instead,
we estimate the variance of each curve based on Donoho
and Johnstone’s (1994) robust estimate method, such that
σ̂ = M−1 ∑M

i=1 0.6745
−1 median(|dim| : N/2 + 1 ≤ m ≤ N),

where the index m indicates wavelet coefficients at the finest
level (in this case, M = 1). In this experiment, an in-control
ARL of 200 is chosen as the critical limit L obtained from 1000
simulation runs.

Table 2 compares the ARLs of the proposed Wi chart to
that of the |S| chart. In this experiment, we can see that the
performance of the Wi chart is much better than that of the
|S| chart on all change levels since the |S| chart has a much
larger value of critical limit L to meet the given false alarm
rate.

Case II: Both the process mean and variance change
In this case, both the processmean and variance shifted at dif-

ferent local segments.We compare the proposedmethod to oth-
ers in terms of the ARL1 performance. The monitoring curves

Table . Comparison of ARLs for the proposedWi charts with the |S| chart.

Level of variance shift(κ) |S| chart Wi chart

 . .
. . .
 . .
. . .
 . .
. . .
 . .
. . .
 . .
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(a) Reconstructed curves using WMVT  (b) Reconstructed curves using PCA
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Figure . Reconstructed curves using (a) WMVT and (b) PCA.

are generated under a randommean shift ψtl ∼ N(0, υσ 2
ψ ) and

variance shift γt j ∼ N(0, κσ 2
γ ) as follows:

yi =
⎧⎨
⎩

f0(t j)+ γt j + ε(t j), t j ∈ Aj
f0(tl )+ ψtl + ε(tl ), tl ∈ Al
f0(t j)+ ε(t j), elsewhere,

where σ 2
ψ = ∑

k∗∈D hk∗lξk∗ and σ 2
γ = ∑

k∈D h2k jτ
2
k . Note that

ξk∗ is the change indicator for the mean shift. The υ(>1) and
κ(>1) are the level of shift for the mean and variance, respec-
tively. In addition, D is a set of selected wavelet coefficients for
tonnage signals, Al and Aj are the shift area [65, 80], [91, 110]
units in the time domain. Specifically, based on the proposed

WMVT, in this experiment, three random-effect coefficients
(c4,6, c4,7, c4,8) and eight fixed-effect coefficients are selected
(c4,5, d4,5, d4,6, d4,8, d3,11, d3,12, d3,15, d3,16).

Table 3 gives theARL1 values for theT 2 chart for eight thresh-
olding methods. This table indicates that theQi chart shows the
best performance to detect the mean and variance changes, as
theQi chart accounts for the regions for bothmean and variance
changes with only selected coefficients. In addition, theWi chart
has similar ARL1 results within the same variance shift, due to
the random effect variables not covering the areas of the mean
shift in this experiment. In addition, Table 4 compares the pro-
posed control charts (Wi andQi charts)with the |S| chart. Table 4
demonstrates that the performance of theQi chart is better than

Table . Comparison of ARLs for Hotelling T 2 charts with different thresholding results.

Variance level (κ) Mean level (υ) T 2
A T 2

Js T 2
Vs T 2

Vet T 2
PCA T 2

PJ Wi Qi

  . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .

.  . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .

  . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .

.  . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . . . . . . . .
 . . . . . . . .

  . . . . . . . .
. . . . . . . . .
 . . . . . . . .
. . .  . . . . .
 . . . . . . . .
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Table . Comparison of ARLs for the proposed charts with the |S|-chart
Variance level (κ) Mean level (υ) |S| chart Wi chart Qi chart

  . . .
. . . .
 . . .
. . . .
 . . .

.  . . .
. . . .
 . . .
. . . .
 . . .

  . . .
. . . .
 . . .
. . . .
 . . .

.  . . .
. . . .
 . . .
. . . .
 . . .

  . . .
. . . .
 . . .
. . . .
 . . .

that of theWi and |S| charts when both the mean and variance
change. In particular, similar to a previous experiment (Table 2),
the |S| chart has amuch larger value of the critical limit L tomeet
the given false alarm rate.

In summary, based on these experiments, our studies indicate
that the proposed process monitoring methods offer better per-
formance in shifts in the variance only as well as shifts in both
the mean and variance parameters.

7. Case study

A complex, real-world forging process consisting of multiple
embedded operation dies is used as an example to show the
effectiveness of our proposed methodology. In this forging
process, five embedded dies are designed to work together to
produce a complete product at the end of each operation stroke.
As shown in Figure 2, the final product is produced by passing a
raw billet through five embedded dies that perform five different
operations in the following sequence: (i) pre-forming; (ii) block-
ing; (iii) finishing; (iv) piercing; and (v) trimming. The active
working range of each die operation has been shown to be only
a limited portion of the complete operating cycle (Jin, 2004; Jin
and Shi, 2005). Based on the method presented by Jin and Shi
(2005), a set of offline station-by-station tests can be conducted
to obtain the tonnage signals generated at individual die stations
under normal operating conditions, as shown in Figure 7. The
active working range for each die is marked as Li(i = 1, . . . , 5),
which indicates that the contribution of the individual die force
to the monitored total tonnage signals occurs at different local
segments of the total tonnage signals. Also, different dies may
generate different tonnage variations, due to their different
degradation rates and/or different sensitivities to temperature
fluctuations, variations in material properties, etc. Therefore, it
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Figure . Tonnage signals generated at individual die stations (adopted from Yang
and Jin ()).

is important to consider the inherent local signal variations in
the development of a monitoring chart.

Among these five die operations, blocking (station 2) and
finishing (station 3) operations produce a significant shape
change on the workpieces and thus generate large tonnage
forces at the center peak area around [500–660], as shown in
Figure 7. In contrast, the other three operations onlymake small
contributions to this peak tonnage area. Therefore, localized
monitoring of the signal profile around this center peak area
can expedite the detection and diagnosis of potential faults at
stations 2 and 3. Jin and Li (2009) also showed that a few of the
wavelet coefficients can be selected to adequately represent the
tonnage signals of individual die tonnage forces. Furthermore,
most of those selected wavelet coefficients can be mapped to
a single or a few operational stations, as the wavelets offer an
advantage in efficiently representing signals in both localized
time and frequency domains. Therefore, monitoring of those
wavelet coefficients that capture local variations, instead of the
original signals, can reduce the dimension of the monitoring
features. This in turn can enhance the diagnosis of a faulty
station after an alarm in the control chart.

Figure . In-control and out-of-control profiles.
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Figure . Control charts to detect the out-of-control condition.

To establish process monitoring charts, 100 samples of
total tonnage signals were collected under normal operating
conditions. Another set of 110 samples was collected, and out
of 110 samples, the first 100 samples are in-control profiles
(see black profiles in Fig. 8 for in-control profiles) and the last
10 samples were collected under the out-of-control condition
corresponding to the missing workpiece at station 2 (blue
profiles) and station 3 (red profiles), respectively, in Figure 8.

These two faulty conditions result in a significant shift in the
mean and variance of the measured tonnage profiles. According
to Anderson–Darling’s test (Stephens, 1974) and Ljung–Box’s
test (Ljung and Box, 1978), the normality and independence
assumptions defined in Equation (1) are true in real-life studies.
Figure 9 shows the plotted values of statistics Wi and Qi, and
all of the first 100 in-control samples are within the control
limit. Figure 9 shows similar plots for four existing SPC charts.
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As shown in Figures 8 and 9, the proposed methods, W- and
Q-control charts, have better detection power than existing
ones, especially for the T 2

A-control chart and T 2
Vs-control chart.

For example, the T 2
A-control chart and T

2
Vs-control chart did not

detect many of the out-of-control conditions, and the T 2
Js chart

and T 2
Vet chart missed a few out-of-control samples.

8. Conclusions and future research

This article proposed a wavelet-based local random-effects
model to characterize between-curve local variations. The
proposed WMVT model with penalized likelihood functions
is easy to understand and implement. Closed-form expressions
were provided to estimate the mean and variance thresholding
parameters. Based on the proposed WMVT model, this article
developed a SPC procedure for profile monitoring via wavelet-
based local mixed-effect models. Analyses of real-life data and
simulations indicate that the proposed SPC procedures based
on the WMVT model adequately detect local variations and
uses fewer coefficients.

Although the penalized likelihood method limits the num-
ber of coefficients in the model, this research did not delve
deeper into data reduction, as it was considered beyond its
scope. Although procedures such as those used by Jeong et
al. (2006a) could be used to formulate data reduction metrics,
these procedures may not be sufficient in these circumstances,
as the penalized likelihood procedure usually uses cross-
validations to determine the tuning parameters. Consequently,
the problem is more complicated than the single-curve stud-
ies of data reduction contained in Jeong et al. (2006a), and
further work is needed in this direction. Also, the proposed
procedure needs to be extended to multiple curves with local
variations when the wavelet coefficients are not independent.
Furthermore, the extension of the proposed procedure to
root cause diagnosis would be an interesting topic for future
research.
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Appendix

1. Mapping property of the wavelet transforms

To better understand the relationship between the original
profiles in the time domain and its random coefficients in the
wavelet domain in the case where a local segment can be used
to identify the locations of systematic variations in the time
domain, the mapping property of the wavelet transforms is very
important to search for process faults and their causes.

Assume that there is a set (denoted by D) of random coeffi-
cients that are independent in the wavelet domain; i.e., τ 2j 
= 0
for j ∈ D and zero elsewhere. Then, replicated curves from
the wavelet-based random-effect model in the time domain
will have the following systematic variations over the region A,
where A is the support area covered by the wavelet coefficients
in the set D:

yi(t j) ∼
{
N( f. j,

∑
k∈D h2k jτ

2
k + σ 2), t j ∈ A

N( f. j, σ 2), elsewhere,

where yi(t j) is the original time domain data for the ith curve
at time point t j and f. j is the mean curve f evaluated at t j.

Justification: The replicated curves can be reconstructed
from the inverse DWT; that is,

yi(t j) =
N∑
k=1

hk jdi,k, ( j = 1, 2, . . . ,N)

=
∑
k∈D

hk jdik +
∑
l∈S/D

hl jdil,

where S is the set of all wavelet positions. Then, the variability
across the curves is given by

Var(yi(t j)) =
∑
k∈D

h2k jVar(dik)+
∑
l∈S/D

h2l jVar(dil ),

=
∑
k∈D

h2k jτ
2
k + σ 2.

2. Derivation of parameter estimates for θ. j, τ2
j , and σ2

The penalized log-likelihood function is given by

h(θ. j, τ 2j , σ
2) = M

N∑
j=1

ln(σ 2 + τ 2j )+
∑M

i=1
∑N

j=1 (di j − θ· j)2

σ 2 + τ 2j

+ λ1
N∑
j=1

|θ· j| + λ2

N∑
j=1

τ 2j .
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Taking the partial derivative of h with respect to θ. j, we
obtain

∂h
∂θ. j

= −2
M∑
i=1

di j − θ· j
σ 2 + τ 2j

+ λ1 sign(θ. j)

= −2M
σ 2 + τ 2j

(d̄· j − θ. j)+ λ1 sign(θ. j) = 0,

where

d̄· j = 1
M

M∑
i=1

di j.

Therefore,

θ̂· j =
(
|d̄· j| − λ1(σ̂

2 + τ̂ 2j )/2M
)

+
sign(d̄· j), where

(y)+ = max(y, 0).

In a similar way, by taking the partial derivative of h with
respect to τ 2j , we obtain

∂h
∂τ 2j

= M
σ 2 + τ 2j

−
M∑
i=1

(di j − θ· j)2

(σ 2 + τ 2j )
2 + λ2

= M
(σ 2 + τ 2j )

2 (σ
2 + τ 2j − s2j + λ2(σ

2 + τ 2j )
2/M) = 0,

where s2j = ∑M
i=1 (di j − θ· j)2/M. Letting a = σ 2 + τ 2j , we

obtain λ2a2/M + a − s2j = 0 and

a = σ 2 + τ 2j = −1 +
√
1 + 4s2jλ2/M2λ2/M

because a > 0. Therefore,

τ̂ 2j =
⎛
⎝−1 +

√
1 + 4s2jλ2/M

2λ2/M
− σ̂ 2

⎞
⎠

+

.

Finally, we can obtain the estimate of σ 2 by solving the
following equation:

∂h
∂σ 2 = M

N∑
j=1

1
σ 2 + τ 2j

−
∑M

i=1
∑N

j=1 (di j − θ· j)2

(σ 2 + τ 2j )
2

= M
N∑
j=1

σ 2 + τ 2j − s2j
(σ 2 + τ 2j )

2 = 0,

which is equivalent to Equation (7).

3. Derivation of the control limits ofWi

The monitoring statistic

Wi = tr(Zi) =
i∑

k=1

δ(1 − δ)i−k

⎛
⎝ p1∑

j=1

u2k, j

⎞
⎠

is amodified version ofHuwang’s process variabilitymonitoring
statistic for an individual observation (Huwang et al., 2007).
A larger Wi value indicates that the variance of a process has
increased. When the process is in control,

∑p1
j=1 u

2
k, j follows a

χ2-distribution with degrees of freedom p1. Then, the mean
and variance of Wi are given as follows:

E(Wi) =
i∑

k=1

δ(1 − δ)i−kE

⎛
⎝ p1∑

j=11

u2k, j

⎞
⎠ = p1,

Var(Wi) =
i∑

k=1

(
δ(1 − δ)i−k

)2
Var

⎛
⎝ p1∑

j=1

u2k, j

⎞
⎠

=
i∑

k=1

(
δ(1 − δ)i−k

)2
2p1.

Thus, by using the large-sample normal approximation
theory, control limits of Wi are given by

CLWi = p1 ±	−1(1 − α)

√√√√ i∑
k=1

(
δ(1 − δ)i−k

)2
2p1.

4. Derivation of the estimator�v
i

By definition of EWMA(ṽi) with smoothing weight 0 < α < 1,
ri = ∑i

k=1 α(1 − α)ṽk.
Thus, ṽi − γ i = ṽi −

∑i
k=1 α(1 − α)ṽk and

E
(
ṽi − γ i

) = E

(
ṽi −

i∑
k=1

α(1 − α)ṽk

)

= E(ṽi)−
i∑

k=1

α(1 − α)E(ṽk)

= μi − [1 − (1 − α)i]μi = (1 − α)iμi.

In addition,

E[(ṽi − γ i)(ṽi − γ i)
′]

= Cov(ṽi − γ i)+ E(ṽi − γ i)E(ṽi − γ i)
′

= Cov

[
ṽi −

i∑
k=1

α(1 − α)i−kṽk

]
+ (1 − α)2iμv

i

= Cov[ṽi] −Cov

[ n∑
t=1

α(1 − α)i−kṽk

]
+ (1 − α)2iμv

i

=
[
1 + α

2 − α

(
(1 − α)2i − 1

)]
�

r f
0 + (1 − α)2iμv

i

= 1
2 − α

[
2(1 − α)+ α(1 − α)2i

]
�

r f
0 + (1 − α)2iμv

i .

Based on these results, we can obtain

E(Ci) =
i∑

k=1

δ(1 − δ)i−kE((ṽi − γk)(ṽi − γk)
′
)

=
i∑

k=1

δ(1 − δ)i−k
[

1
2 − α

(
2(1 − α)+ α(1 − α)2i

)]
�v

i

+ (1 − α)2iμv
i

= 2(1 − α)

2 − α
�v

i +
i∑

k=1

δ(1 − δ)i−k α

2 − α
(1 − α)2k�v

i
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+ (1 − α)2iμv
i

= 2(1 − α)

2 − α
�v

i as i → ∞.

5. Matrix form ofQi

By using matrix forms, the monitoring statistic Qi, where

Qi =
i∑

k=1

δ(1 − δ)k−itr((ṽk − γk)(ṽk − γk)
′
),

can be simplified as follows: Qi = tr((Ṽi − Hi)
′�(Ṽi − Hi),

where

Ṽi = [ṽ1, ṽ2, . . . , ṽi]′

Hi = [γ1, γ2, . . . , γ i]
′.

� = diag((1 − δ)i−1, δ(1 − δ)i−2, . . . , δ(1 − δ), δ).

In addition,

(Ṽi − H̃i) =

⎛
⎜⎜⎜⎜⎝
(ṽ1 − γ1)

′

(ṽ2 − γ2)
′

...
(ṽi − γ i)

′

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝
(1 − ϕ)ṽ1
(1 − ϕ)ṽ2 − ϕ(1 − ϕ)ṽ1
...
(1 − ϕ)ṽi − ϕ(1 − ϕ)ṽi−1 − · · · − ϕ(1 − ϕ)i−1ṽ1

⎞
⎟⎟⎟⎟⎠

= BṼi,

where

B =

⎛
⎜⎜⎜⎝

1 − ϕ 0 · · · 0
−ϕ(1 − ϕ) 1−ϕ · · · 0

...
...

. . .
...

−ϕ(1 − ϕ)i−1 · · · −ϕ(1 − ϕ) (1 − ϕ)

⎞
⎟⎟⎟⎠ .

Thus,

Qi = tr((Ṽi − Hi)
′�(Ṽi − Hi)) = tr(Ṽ′

iB
′�BṼi)

=
i∑

k=1

i∑
j=1

πk j

( n1∑
l=1

ṽk,l ṽ j,l

)
.

The matrix B′�B indicates that recent profiles are heav-
ily weighted such as πii = δ(1 − ϕ)2, π(i−1)(i−1) = δ(1 − δ)

(1 − ϕ)2 + δ[−ϕ(1 − ϕ)]2, and π(i−2)(i−2) = δ(1 − δ)2

(1 − ϕ)2 + δ[−ϕ(1 − ϕ)2]2 + δ(1 − δ)[−ϕ(1 − ϕ)]2, and
so on.

6. Derivation ofmean, variance, and control limit ofQi

E(Qi) = E

⎛
⎝ i∑

k=1

i∑
j=1

πk j

( n1∑
l=1

ṽkl ṽ jl

)⎞
⎠

=
i∑

k=1

πkkE

( n1∑
l=1

ṽ2
kl

)
+

i∑
k=1

i∑
k
= j

πk jE

( n1∑
l=1

ṽkl ṽ jl

)

=
i∑

k=1

πkkE

( n1∑
l=1

ṽ2
kl

)

+
i∑

k=1

i∑
k
= j

πk jE(ṽ11ṽ21 + ṽ11ṽ22 + · · · + ṽin1 ṽi−1n1 )

= n1
i∑

k=1

πkk.

Var(Qi) = Var

⎛
⎝ i∑

k=1

i∑
j=1

πk j

( n1∑
l=1

ṽkl ṽ jl

)⎞
⎠

= Var

⎡
⎣ i∑

k=1

πkk

n1∑
l=1

ṽ2
kl + 2

i∑
k=1

i∑
j<k

πk j

n1∑
l=1

ṽkl ṽ jl

⎤
⎦

=
i∑

k=1

π2
kkVar

( n1∑
l=1

ṽ2
kl

)
+ 4

i∑
k=1

i∑
j<k

π2
k jVar

( n1∑
l=1

ṽkl ṽ jl

)

=
i∑

k=1

π2
kkVar

( n1∑
l=1

ṽ2
kl

)
+ 4

i∑
k=1

i∑
j<k

π2
k j

× [
Var(ṽ11)+ Var(ṽ12)+ · · · + Var((ṽin1 )Var(ṽi−1n1 )

]

= 2n1
i∑

k=1

π2
kk + 4n1

i∑
k=1

i∑
j<k

π2
k j

= 2n1

⎛
⎝ i∑

k=1

π2
kk + 2

i∑
k=1

i∑
j<k

π2
k j

⎞
⎠

= 2n1
i∑

k=1

i∑
j=1

π2
k j.

By using large-sample normal approximation theory, the control
limit of Qi is given by

CLQi = n1
i∑

k=1

πkk ±	−1(1 − α)

√√√√2n1
i∑

k=1

i∑
j=1

π2
k j.
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