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Abstract Ultrasonic welding has been used for joining
lithium-ion battery cells in electric vehicle manufacturing.
The geometric profile change of tool shape significantly
affects the weld quality and should be monitored during pro-
duction. In this paper, a high-order decomposition method is
suggested for tool wear monitoring. In the proposed moni-
toring scheme, a low dimensional set of monitoring features
is extracted from the high dimensional tool profile mea-
surement data for detecting tool wear at an early stage.
Furthermore, the proposed method can be effectively used
to analyze the data cross-correlation structure in order to
help identify the unusual wear pattern and find the associated
assignable cause. The effectiveness of the proposed moni-
toring method was demonstrated using a simulation and a
real-world case study.

Keywords Ultrasonic metal welding · Tool wear moni-
toring · High-order representation · Principal component
analysis (PCA) · High-order singular value decomposition
(HOSVD)

Introduction

Ultrasonic welding has been well used for joining lithium-
ion battery cells in electric vehiclemanufacturing. Ultrasonic
welding toolwear has a significant impact on theweld quality
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of lithium-ion batteries (Shao et al. 2016), because the fail-
ure of a single weld may lead to the malfunction of the
entire battery pack. To ensure the weld quality, a commonly
used preventive maintenance practice in most plants is to
replace tools when the number of welding operations reaches
a preset limit. Such limit is often set very conservatively,
resulting in waste of useful tool life. Therefore, an accurate
tool wear monitoring algorithm is critically needed to reduce
the unnecessary maintenance cost induced by inappropriate
tool replacements.

Tool wear monitoring has received tremendous atten-
tion over the last several decades. Most of papers have
focused on machining, where some sensing signals, such
as vibration, force, acoustic emission, and electric current
are often collected and analyzed. A data transform, like
fast Fourier transformation (FFT), wavelet decomposition,
principal component analysis (Jolliffe 2005), and dominant
feature identification (DFI) can be applied to extract relevant
features for tool life prediction, classification or tool wear
monitoring. For instance, Zhou et al. (2011) used the DFI
method to extract the features from an acoustic emission sig-
nal. An autoregressive moving average (ARMA) model was
then utilized for predicting tool wear in a ball-nose cutter of a
high-speedmillingmachine. Shi andGindy (2007) employed
the PCA method on multiple sensor signals represented by
a data matrix for the purpose of extracting important fea-
tures related to tool wear. A least squares support vector
machine (LS-SVM) method was further used to build a tool
wear prediction model based on the extracted features. The
methodology was applied to predict the wear in the teeth of
a high-speed steel broaching tool. Li et al. (1999) applied
a discrete wavelet transform to extract the features from
acoustic emission and electric current signals. The extracted
features were used for detecting the breakage of the tool in a
drilling machine. A thorough review on different tool wear
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Fig. 1 Ultrasonic welding system (Shao et al. 2013)

(a)

(b)

Fig. 2 Optical image of an anvil and knurl profiles. a Optical image of an anvil, b cross-sectional view of knurls profiles at the highlighted 4 rows

monitoring techniques can be found in Abellan and Subiron
2010.

Tool wear monitoring of ultrasonic welding is more chal-
lenging than that of machining processes, as the former tool
wear mechanism is more complicated and has not been thor-
oughly understood. In ultrasonic welding, high-frequency
energy is used to produce acoustic sound waves. The gener-
ated vibration produces oscillating shears between thinmetal
sheets held together under a clamping force perpendicular
to the interface between the workpieces. The clamping force
and the oscillation lead to deforming thematerial and forming
the final joining. Because of the high frequency oscillation
and workpiece material deformation, a small relative move-
ment of the contacting surfaces between the tool (anvil in
Fig. 1) and the workpiece is inevitable. This interaction will
lead to anvil wear during the repeated welding operations.

Figure 1 shows major components in an ultrasonic weld-
ingmachine consisting of a controller, a transducer, a booster,
a horn and an anvil. Both horn and anvil contain pyramid-
shaped teeth called knurls. The tool wear in ultrasonic
welding is characterized based on the profile change of
knurls’ shape. Figure 2a shows an optical image of knurls in

an anvil. The highlighted area (4 rows) shows themajorweld-
ing area that is underneath the horn pads. Figure 2b gives the
cross-sectional view of the knurl profiles at the highlighted
area.

The first purpose of this paper is to develop an effective
monitoring strategy for early detection of tool wear based on
the knurls profilemeasurements (e.g. Fig. 2b) in an ultrasonic
welding process. The second aim of the paper is to analyze
tool wear variation pattern and to identify unusual patterns
caused by the misalignment of the anvil with respect to the
horn. This would help improve the tool setup to increase the
tool life. In the remainder of this section, existing research
papers related to tool wear monitoring for ultrasonic metal
welding will be reviewed; moreover, the research challenges
in using multidimensional data to early detect tool wear and
unusual wear pattern will be summarized.

Some previous research was conducted to use indirect
process sensing signals for the tool wear monitoring in the
ultrasonic welding. Shao et al. (2014) studied the relation-
ship between the online vibration signals and tool conditions
for predicting the remaining lifetime of an anvil. They con-
structed a prediction model using the FFT method to extract
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Fig. 3 A knurl with shoulders appearing on both sides

the dominant frequency of vibration signals as the response
variable and the number of welds performed by the anvil as
the predictor. The remaining tool life was predicted based on
the prediction of the dominant frequency feature exceeding
a preset threshold. This approach has two major drawbacks:
one problem is that the preset threshold is sensitive to the
materials and operating conditions. The other drawback is
that even if the indirect process sensing signal shows dra-
matic change when the knurls are worn, it is impossible to
analyze the spatial cross-correlation among knurls on the
anvil. In practice, the information of wear pattern in the anvil
would help find the root causes of unusual tool wear at an
early stage to prevent severe production loss.

Shao et al. (2016) used the FFT method to extract the
monitoring features from the knurls profiles measurements.
They subsequently built various classifiers on the extracted
features to classify each anvil to one of four wear statuses
predefined based on operating experience and engineering
knowledge. Instead of their classification approach, another
alternative way is to simply build a monitoring control chart
based on the extracted FFT features (Kisic et al. 2015). How-
ever, some early slight wear appearing on the knurls’ profile
shoulders (Fig. 3) or the knurls’ peaks may not significantly
affect the FFT features. Furthermore, if only one or a few
knurls are worn in the same column of knurls, and the rest
of knurls are normal, the FFT features would not signifi-
cantly change. Therefore, the FFT features are not sensitive
in detecting the early or local wear of an anvil.

In addition to the FFT features, two other features, which
can be directly extracted from the knurl profile, were sug-
gested byShao et al. (2016) for classification. Thefirst feature
was the variability of the knurls’ heights. A decreasing trend
in the knurls’ height variability indicates that the knurls start
to wear off. The second feature was the average of the widths

of the right and left shoulders as shown in Fig. 3. The larger
these shoulders are the more the knurls are worn. As it is
shown in “Monitoring performance comparison” section,
using these simple features for tool wear monitoring is not
always effective. This inefficacy reveals itself, for instance,
when the peaks are slightlyworn, or smallwear occurs at only
one side of a knurl (one shoulder). For the aforementioned
reasons, an alternative method with the ability of detecting
slight wear or asymmetric wear in the shape of knurls is
needed (please see section “Monitoring performance com-
parison” for performance comparison).

There are two key challenges in establishing an appropri-
ate methodology for monitoring and analysis of tool wear in
an ultrasonic metal welding process: the monitoring method
must be able to promptly detect slight wear in the shape of
knurls. The other challenge is to have the ability to systemat-
ically analyze spatial cross-correlation among different rows
of knurls profiles.Wear pattern analysis is very useful in iden-
tifying the associated root causes. For example, as shown in
Fig. 2, if the first two rows have more wear than that of Row
3 and Row 4, this may indicate a misalignment of the anvil
with respect to the horn. Early correction of such a tool mis-
alignment problem will help save production loss.

To understand the shape difference between normal and
worn knurls, a set of normal knurls profiles and worn knurls
profiles are shown in Fig. 4a, b, respectively. It can be clearly
seen that normal knurls have a consistent profile shape change
that is quite different from that of worn knurls. Therefore, the
monitoring method can be set based on the change pattern
(variation pattern) of the knurls profile shapes.

PCA using singular value decomposition is one possible
solution to analyze themultivariate variation pattern. In order
to use PCA, the dataset must be represented by a matrix.
For the tool wear analysis, the knurls’ profiles measured at
one specific sampling time on an anvil should be sequen-
tially stacked up and represented by a row vector. Hence,
different rows of the matrix represent different anvil sam-
ples. As discussed before, the spatial correlation among the
knurls at different rows of an anvil should be considered in
the analysis. However, stacking up all knurls’ profiles will
destroy such a spatial cross-correlation structure. To over-
come this shortcoming, a high-order array called tensor is
suggested in the paper to represent the multidimensional
structure of tool wear data. Specifically, the ultrasonic tool
wear dataset is represented by a three-way tensor including
three dimensions defined as follows: the first dimension is
the positional row index of knurls, the second dimension is
the positional column index of knurls, and third dimension is
the data point index of each knurl profile. Using such amulti-
dimensional representation, the spatial correlation structure
among different rows is clearly preserved. Analysis of this
spatial correlation pattern can facilitate process fault diagno-
sis. For instance, if the knurls profiles wear in the first and
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 (a) (b)

Fig. 4 Illustration of normal and worn knurl profiles. a Overlap of four healthy knurls on an anvil, b Overlap of four worn out knurls on an anvil

second rows are positively correlated, it means that the knurls
in these two rows are getting worn with a similar pattern. On
the other hand, a negative correlation between two rows indi-
cates that one row is getting worn faster than the other row.
This unusual wear pattern is an indicator for the existence of
a tool installation problem.

Several authors have favored the use of a multidimen-
sional array (tensor) representation when the dataset has
more than two dimensions (He et al. 2005; Paynabar et al.
2013; Yan et al. 2015). In this paper, a high-order decomposi-
tion method called high-order singular value decomposition
(HOSVD) is used to factorize the tensor representing the data
and extract effective monitoring features afterwards. A mul-
tivariate monitoring chart will be constructed based on those
extracted features.

To sum up, the method suggested in this paper aims at
systematically analyzing the variation pattern of knurls pro-
files wear and extracting effective monitoring features for
tool wear monitoring and root cause inference. In order to
capture the spatial cross-correlation structure of the knurls
among different rows, a high-order array is employed to rep-
resent the knurls’ profilemeasurements. For variation pattern
analysis of such a tensorial dataset, the HOSVD method is
employed. The HOSVD method can systematically check
whether spatial correlation exists among rows of knurls in
the anvil (please see section “Comparison of HOSVD and
PCA in capturing the correlation structure”). Furthermore, a
T 2 control chart is constructed to monitor the extracted fea-
tures based on the HOSVD results. This will be discussed
in detail in section “HOSVDmethod and HOSVD-based T 2

control chart construction”.
The reminder of this paper is organized as follows: sec-

tion “A brief review of tensor data representation and the
HOSVD-based T 2 control chart” provides a brief review
of different strategies including a high-order array for rep-
resenting the data; additionally, the HOSVD method and

the multivariate T 2 control chart constructed based on the
extracted monitoring features are discussed. A simulation
study is conducted in section “Performance comparison of
the HOSVD, PCA and FFTmethods” to show the superiority
of the HOSVD method to the PCA and FFT methods in two
aspects, namely, (1) effectively capturing the true variation
pattern of the data, and (2) accurately detecting slight/early
wear in the knurls. A case study is also performed in sec-
tion “Case study” to demonstrate the effectiveness of the
proposed method. The concluding remarks are presented in
section “Conclusion”.

A brief review of tensor data representation and
the HOSVD-based T2 Control Chart

In this section, firstly, different data representation strate-
gies are discussed. The basic notation relating to the tensor
representation used throughout the paper is introduced in
section “Data representation and basic high-order algebraic
operations” followed by some useful multilinear algebraic
operations. Secondly, theHOSVDmethod and the T 2 control
chart constructed upon the extracted features from HOSVD
are elaborated in section “HOSVD method and HOSVD-
based T 2 control chart construction”.

Data representation and basic high-order algebraic
operations

Table 1 lists all the symbols used in this paper. Two fairly
different strategies are used to represent the tool wear data.
A simple matrix representation called low-order represen-
tation is a classical way to represent a dataset. A matrix
X ∈ R

24×924 is used to represent the knurls’ profiles shown
in Fig. 2. In the following analyses, this is called Repre-
sentation I. The number of rows in this matrix indicates
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Table 1 List of symbols

x Scalers

x Vectors

X Matrices

X(n) The nth matrix in a group of matrices

XI1×I2×...×IN An N -dimensional (N th-order) tensor

In The number of elements in the nth order

xi1i2...in i1i2 . . . in th element in tensor XI1×I2×...×IN

that each anvil has 24 columns of knurls, and the num-
ber of columns (4 × 231 = 924) represents the stacked-up
rows of knurls’ profiles with each knurl profile having 231
data points. As discussed before, the spatial cross-correlation
among different rows of knurls on an anvil breaks down in
Representation I. Alternatively, a different low-order repre-
sentation Y ∈ R

96×231 denoted as Representation II can also
be used, where each knurl profile is considered as a row in
matrix Y, and 96 (24 × 4 = 96) rows of matrix Y corre-
spond to stacked-up rows of 24 columns of knurls. In this
way, the cross-correlations among different rows and differ-
ent columns are mixed together and cannot be distinguished.

The tool wear dataset shown in Fig. 1b can be, further-
more, represented by a 3rd-order tensor X4×231×24 with 4
rows as Mode 1, 231 data points of each knurl profile as
Mode 2, and 24 columns of knurls on an anvil as Mode 3.
Some commonly used multilinear algebraic operations for
tensors are introduced as follows:

(1) Tensor matricization It is used to transform a tensor into
a matrix. Specifically, for mode-n matricization, each
row vector of the new matrix is obtained by stacking
up the elements of all other modes, and the number of
rows is equal to In , i.e., the resultant matrix X(n) has
the dimension of In × I1 I2 . . . In−1 In+1 . . . IN . That is,
when matricizing a tensor, the i1i2 . . . iN th element in
the tensorXI1×I2×...×IN is mapped to element (in, j) of
matrix X(n), where j = 1 + ∑N

k = 1
k �= n

(ik − 1) Jk and

Jk = ∑k−1

m = 1
m �= n

Im .

(2) Tensor vectorization Tensor vectorization is simply the
process of rearranging the tensor XI1×I2×...×IN to pro-
duce a vector v with size I1 I2 . . . IN .

(3) Tensor-matrix product It generally yields a new tensor.
Specifically, mode-n product of a tensor XI1×I2×...×IN

by a matrix U ∈ R
J×In is denoted by Y = X ×n

U ∈ R
I1×I2×...×In−1×J×In+1×...×IN . Each element of the

resulting new tensor is obtained as

Yi1i2...in−1 j in+1...iN =
∑In

in=1
xi1i2...iN u jin (1)

where u jin is element ( j, in) in matrix U.
(4) Tensor-vector product It is a special case of tensor-

matrix product. Specifically, the mode-n product of a
tensor XI1×I2×...×IN by a vector v ∈ RIn is defined as
(X ×n v)i1i2...in−1in+1...iN = ∑In

in
xi1i2...iN vin , where vin

is the in th element of vector v. This mode-n tensor-
vector product changes the tensor order from N into
N − 1. For a comprehensive review regarding the mul-
tilinear algebra and high-order decompositionmethods,
the interested readers can refer to Kolda and Bader
(2009).

HOSVD method and HOSVD-based T2 control chart
construction

The general idea inHOSVDknown as Tucker decomposition
is to factorize a tensorXI1×I2×...IN into a core tensor denoted
by Ψ k1×k2×...×kN using a set of factor matrices V(n) ∈
R

In×kn ; n = 1, 2, . . ., N , where kn < In is the number of
components in mode n. In the context of ultrasonic welding
dataset, a tensor X4×231×24 is used to represent the dataset.
The factor matrices V(1) ∈ R

4×k1 , V(2) ∈ R
231×k2 and

V(3) ∈ R
24×k3 are the matrices of singular vectors for Mode

1, Mode 2 and Mode 3, respectively. Note that the HOSVD
method enables the practitioners to choose different number
of components kn for each mode n, and the number of com-
ponents can be determined based on a predefined threshold
of the explained variability. To obtain the optimal orthogonal
singular vectors for HOSVD, the objective function defined
in Eq. (2) is to minimize the L2 norm of the residuals which
are the difference between the original tensor X and the
approximated tensor X̂ = Ψ ×1V(1) ×2 V(2) ×3 . . .×N V(N )

(De Lathauwer et al. 2000); i.e.,

Minimize ‖X − Ψ ×1 V(1) ×2 V(2) ×3 . . .

×NV(N )‖22, or equivalently

Maximize Ψ = X ×1 V(1)T ×2 V(2)T ×3 . . . ×N V(N )T

s.t: V(n)T V(n) = I for n = 1, 2, . . . , N (2)

Unlike the regular low-order SVD, there is no closed-form
solution for the high-order decomposition problem inEq. (2).
In practice, the problem is solved iteratively by fixing all fac-
tormatrices but one factormatrix inmoden;n = 1, 2, . . ., N ,
and obtaining the solution for mode-n′s factor matrix. This
procedure can be repeated for all other factor matrices in
different modes. Figure 5 gives the high-order orthogonal
iterations (HOOI) algorithm proposed byDeLathauwer et al.
(2000).
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Initialize ( ) × , for n =1, 2, ..., N 

Repeat until convergence or maximum iteration reached 

For n = 1, 2, ..., N do 

= × ( ) …× ( ) × ( ) …× ( ) 1× 2×… 1× × +1×…

matricize tensor , apply SVD, and choose ( ) to be the left leading  singular vectors   

End for

= ×1
(1) ×2

(2) …× ( )

Convergence criterion: in each iteration k, stop if for all n =1, 2, …, N, ( ) ( )
<  , where  is a        

small value                   

Return ,
(1),

(2),… , ( )

End procedure       

Fig. 5 High-order orthogonal iteration algorithm (De Lathauwer et al. 2000)

After decomposing the original tensor of data X4×231×24

(I1 = 4, I2 = 231, and I3 = 24), themonitoring features can
be obtained by projecting the centralized tensor X4×231×24

using the knurls profiles factor matrix V(2) ∈ R
231×k2 ; that

is, the tensor of scores is obtained as

Z = X ×2 V(2)T ∈ R
4×k2×24 (3)

where Z is the tensor of scores. The number of compo-
nents kn ; n = 1, 2, 3, can be determined based on the

explained variance defined as
‖Ψ ‖22
‖X‖22

, where Ψ = X ×1

V(1)T ×2 V(2)T . . . ×N V(N )T is the core tensor, X is the
original tensor representing the data, ‖X‖22 is the squared
Frobenious norm of tensor X, and it is defined as ‖X‖22 =
∑I1

i1=1

∑I2
i2=1 . . .

∑IN
iN=1x

2
i1i2...iN

. Tensor Z can be trans-

formed into a matrix Z ∈ R
24×4k2 via tensor matricization

over Mode 3. Rows of matrix Z are considered as samples
used to estimate the mean vector and covariance matrix of
the extracted features.

As discussed, the construction of the HOSVD-based T 2

control chart involves two steps. (1) Using the algorithm in
Fig. 5 to estimate the matrix of singular vectors (factor matri-
ces) based on the data from normal anvils. The features are
computed as in Eq. (3), and a 24 × 4k2 matrix of features is
obtained. (2) An appropriate control chart is constructed for
monitoring the extracted features. Since there is usuallymore
than one feature, a multivariate T 2 control chart is set up to
monitor these p = 4k2 extracted features. The details will be
shown in the case study provided in Section “Conclusion”.
Let zi ∈ R

4k2×1 denote the i th row of matrix Z, then the T 2
i

statistic can be computed as

T 2
i = (zi − z̄)T S−1 (zi − z̄) ; i = 1, 2, . . . , I3 = 24 (4)

where the j th element of mean vector z̄ is
∑24

i=1zi j
24 , zi j is the

j th element of the vector zi for j = 1, 2, . . . , p = 4k2,
and S ∈ R

p×p is the sample covariance matrix of fea-
tures estimated using in-control 24 samples represented by
matrix Z (Hotelling 1947). Provided that the features follow
a normal distribution, the upper control limit is computed
as UCL = p(I3+1)(I3−1)

I3(I3−p) fα,p,I3−p in Phase II and UCL =
(I3−1)2

I3
βα,p/2,(I3−p−1)/2 for Phase I, where fα,ν1,ν2 is the

(1 − α)100th percentile of an F distribution with ν1 and
ν2 degrees of freedom, and βα,a,b is the (1 − α)100th per-
centile of a Beta distribution with parameters a and b (Tracy
et al. 1992). In case the features do not follow a normal dis-
tribution, the upper control limit can be obtained using the
empirical distribution of T 2

i ’s. When the PCA transform is
used for a low-order data representation, a similar procedure
is followed for constructing a T 2 chart using the transformed
PC features.

Performance comparison of the HOSVD, PCA and
FFT methods

In general, there are two key aspects to be considered when
analyzing tool wear data in an ultrasonic welding process.
The first important issue is studying the correlation structure
of the knurls across different rows of an anvil. This is helpful
in understanding the knurls’ wear pattern on an anvil. For
this purpose, section “Comparison of HOSVD and PCA in
capturing the correlation structure” shows the superiority of
HOSVD to PCA in capturing the true correlation structure of
the data. The second favorable aspect is that the monitoring
method can effectively detect worn knurls at an early wear
level. Section “Monitoring performance comparison” pro-
vides a performance comparison among four control charts
established based on the HOSVD, PCA, FFT and the knurls’
height methods.
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Comparison of HOSVD and PCA in capturing the
correlation structure

In this subsection, a surrogated simulation study is conducted
to compare the performance of HOSVD and PCA in explain-
ing the spatial cross-correlation among the rows of knurls on
an anvil. Since FFT does not provide any information regard-
ing the variation pattern of the data, it is excluded from this
comparison. A set of tensorial data represented by tensor
X ∈ R

4×231×24 is generated to represent an anvil having
4 rows of knurls with each row containing 24 columns of
knurls. Each knurl is represented by a profile having 231
data points. The elements of tensor X are denoted by xi jk
corresponding to the j th point of a knurl profile located on
Row i and Column k on an anvil. The simulation condition is
set such that Row 1 and Row 2 have the same high variance.
Row 3 and Row 4 have equal low variances. Furthermore,
Row 1 and Row 2 are positively correlated while there is a
negative correlation between Row 3 and Row 4. These para-
meters are specifically represented by

σ2R1
= σ2R2

> σ2R3
= σ2R4

, ρR1R2 > 0 and ρR3R4 < 0 (5)

whereσ2Ri is the variance ofRow i , andρRi R j is the correlation
between Row i and Row j . In this simulation, these parame-
ters are specified as σ2R1

= σ2R2
= 100 > σ2R3

= σ2R4
= 60,

ρR1R2 = ρ, ρR3R4 = −ρ, and ρ = 0.5. In order to simulate
the knurls profiles, a mixed-effect model is used, which is
defined as

y(i)
k = B(i)

(
β(i) + r(i)

k

)
+ ε

(i)
k

k = 1, 2, . . ., 24, i = 1, 2, 3, 4 (6)

where y(i)
k is the 231×1 vector of the kth knurl profile in Row

i , B(i) is the 231 × L matrix of B-spline basis values with
L knots. The vector of fixed-effect coefficients is denoted
by β(i) ∈ R

L×1, and it is computed as follows: a set of
normal knurls is selected from the dataset, and each knurl
profile is regressed on B-spline basis values stored in matrix
B(i). The coefficients are computed using the least-square
method. The mean vector of the computed coefficients is
considered as the vector of fixed-effect B-spline coefficients
β(i). r(i)

k ∈ R
L×1 is the vector of random-effect coefficients

that are normally distributed with a zero mean vector and
the covariance matrix U ∈ RL×L with elements given in Eq.
(5). The vector of random errors ε

(i)
k ∈ R

231×1 is assumed
to follow a normal distribution with a zero mean vector and
the diagonal covariance matrix σ2ε I. In this paper, the random
errors’ variability is σ2ε = 0.1 and I ∈ R

231×231 is an identity
matrix. An important property of the mixed-effect model in
Eq. (6) is that it has a high flexibility in modeling the cross-
correlation among different rows of an anvil.

Table 2 Percentage of explained variance by the components of
HOSVD and PCA methods

Number of components Method

HOSVD (%) PCA I (%) PCA II (%)

1 30.22 27.33 40.33

2 24.66 23.40 28.3

3 12.05 15.61 21.01

Total explained variability 66.93 66.34 89.64

Both the HOSVD and PCA methods are applied to the
simulated data. Table 2 gives the percentage of explained
variance by the first three components of each method. PCA
I and PCA II denote the PCA method applied to Representa-
tion I (X ∈ R

24×924) and Representation II (Y ∈ R
96×231)

defined in section “Data representation and basic high-order
algebraic operations”, respectively.

Figure 6a shows the first singular vector of HOSVD
method for Mode 1, where Row 1 and Row 2 have the largest
weights among all 4 rows. This result is expected because the
first two rows are set to have the highest variability in the sim-
ulation.Moreover, the simulatedpositive correlationbetween
Row 1 and Row 2 is well captured by this singular vector.
The second singular vector computed by HOSVD is plotted
in Fig. 6b. It can be observed that the HOSVD method gives
almost zero weights to Row 1 and Row 2, while Row 3 and
Row 4 have a large weight with an opposite sign reflecting
the negative correlation between Row 3 and Row 4.

Figure 7 uses the eigentensors of HOSVD to illustrate
the variation pattern in Mode 1 and Mode 2 simultaneously,
where the eigentensor for the lth component is calculated
as v(1) ◦ v(2) with v(1) ∈ R

4×1 and v(2) ∈ R
231×1 corre-

sponding to the lth columns of factor matrices V(1) and V(2),
respectively, and “◦′′ denoting the outer product between two
vectors. As expected, in the first eigentensor (Fig. 7), Row 1
and Row 2 have the highest weights with a positive correla-
tion, while in the second eigentensor shown in Fig. 7b, Row
3 and Row 4 are highlighted with a negative correlation.

For comparison, the PCA method is further applied to
the simulated dataset with Representation I (X ∈ R

24×924)

and Representation II (Y ∈ R
96×231). The first and second

eigenvectors estimated by PCA I are plotted in Fig. 8a, b,
respectively. Different from the HOSVD’s results in Figs. 7
and 8 shows that both eigenvectors of PCA I reflect the large
variability of Row 1 and Row 2, and the negative correlation
between Row 3 and Row 4 is not obviously reflected by the
secondeigenvector. This shows that PCAcannot fully capture
the correlation of Rows 3 and 4.

Figure 9 shows the first and second eigenvectors of PCA II
results. As expected, PCA II cannot provide any information
regarding the correlation structure of the rows due to the way
the data are represented.
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Fig. 6 First and second
singular vectors computed by
HOSVD method. a First
Mode-1 singular vector,
b second Mode-1 singular
vector

(a) (b)

(a) (b)

Fig. 7 Eigentesors estimated by the HOSVD method. a First eigentensor, b second eigentesor

Fig. 8 First and second
eigenvectors estimated by PCA
I. a First eigenvector obtained
using PCA, b second
eigenvector obtained using PCA

(a) (b)

The above comparison suggests that the HOSVD method
has been able to more effectively capture the true spatial
cross-correlation structure among the rows of knurls on an
anvil. In practice, this correlation structure is sensitive to
the relative position of the anvil to the workpiece/horn in

the ultrasonic welding machine, and it can reflect the fact
whether the anvil is properly set up or not. Therefore, the
HOSVDmethod is suggested in this paper tomonitor the tool
wear with a diagnostic capability of identifying the anvil’s
misalignment problem.
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Fig. 9 First and second eigenvectors estimated by PCA II

Monitoring performance comparison

A 3D microscope was utilized to measure the tool surfaces,
and the knurl heights were extracted from the surface mea-
surements. In this subsection, four different methods for
monitoring the toolwear data are compared: (1) theHOSVD-
based T2 control chart, (2) PCA-based control chart, (3)
FFT-based control chart, and (4) a control chart to moni-
tor the knurls’ height. The FFT method is applied to each
column containing four knurls on an anvil in order to extract
the frequency-domain features for representing the repeated
pattern. Frequency-domain features are the amplitudes cor-
responding to the dominant frequencies obtained from FFT
method applied to each column of knurls profiles. Figure 10a
shows one column of 4 knurls profiles, and the frequency-
domain profile is plotted in Fig. 10bwith sampling frequency
set to 5.5. For the fourth method, to calculate the height of
the knurls profiles, firstly, a general baseline is determined

(a) (b)

Fig. 10 A column of knurls for FFT and FFT result. a Knurls profiles in one column, b frequency-domain profile

(a) (b)

Fig. 11 Simulated in-control and out-of-control knurls in a column of anvil. a Scenario I: all knurls are worn, b Scenario II: two out of four knurls
are worn
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as the lowest point of knurls profiles on an anvil. Secondly,
using this baseline, for the normal knurls, the height of the
knurls is calculated as the distance between the peak (the
highest point on the knurl profile) and the baseline point.
For a worn knurl with shoulders as shown in Figure 3, the
height is the difference between the lower shoulder and the
baseline. Finally, for a completely worn knurl, the height
is the distance between the flat line on the top and the
baseline.

The monitoring performance of all methods is assessed
using a simulation study performed in two different scenar-
ios. In the first scenario (Scenario I) as shown in Fig. 11a, all
four rows of knurls located in one column are worn, while in
Scenario II as shown in Fig. 11b, two rows of knurls are com-
pletely healthy and the other two rows of knurls are slightly
worn.The in-control knurls are all simulated using themixed-
effect model in Eq. (6). A set of slightly-worn knurls are used
to calculate the fixed-effect coefficients in the mixed-effect
model to simulate the out-of-control knurls. Four different
values of correlation coefficient ρ = 0.1, 0.5, 0.7 and 0.95
are considered for the cross-correlation among the rows.
The cross-correlation between Row 1 and Row 2 is pos-
itive while Row 3 and Row 4 have negative correlation.
Either the correlation between Row 1 and Row 3 or the
correlation between Row 2 and Row 4 is negligible. A set
of 400 anvils is simulated using the above-mentioned pro-
cedure. Each anvil contains 4 rows with each row having
24 columns of knurls. Note that in Scenario II as shown in
Fig. 11b, two out of four rows in each column are arbitrarily
selected. Then, in each simulation run, a set of slightly-worn
knurls are simulated. This way of the simulation enables
us to generate a completely random wear pattern on the
anvils.

As discussed in section “Data representation and basic
high-order algebraic operations”, the dataset can be repre-
sented in threeways. Based onRepresentation I, a 9600×924
matrix can represent the whole simulated dataset. Follow-
ing Representation II, the dataset is represented using a
38400 × 231 matrix. The third way is to use a tensor rep-
resentation with the dimension of 4×231×9600 . The PCA
method is applied to above two matrix representations.

For PCA I method, 7 components are used for construct-
ing the monitoring chart since they are sufficient to cover
90% of the data variability. For PCA II method, four PC fea-
tures can explain about 90% of the data variability. When the
HOSVD method is applied to the tensor of data directly, in
order to represent 90% of the variability of the data, we need
to use 4 components for the row’s mode, 3 for the knurls
profiles mode, and 6 for the columns of knurls mode. For the
FFT method, since the first frequency feature is sufficient to
explain about 99% of the signal’s energy, only this feature
is used for constructing the associated control chart. After
extracting the monitoring features using each method, a T 2

Fig. 12 Probability of signal with regard to different correlation coef-
ficients. a Scenario I, b Scenario II

Fig. 13 T 2 control chart to monitor knurls’ wear in all five anvils

control chart is used for monitoring the features extracted
from the PCA and HOSVD methods. A Shewhart control
chart is used for monitoring the magnitude of the dominant
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(a) Row 1 (b) Row 2 

(c) Row 3 (d) Row 4 

Fig. 14 Visual comparison of Column 56 versus Column 57

frequency in the FFTmethod. In addition, the knurls’ heights
are monitored using a Shewhart control chart.

To compare the monitoring performance, in each simula-
tion run, 400 in-control anvils are generated, and the Type-I
error rate of each method is computed as the proportion of
out-of-control samples to all simulated samples. In this study,
10,000 simulation runs are conducted. The final estimation
of the Type-I error rate is computed by averaging the Type-I
error rates of the 10,000 runs’ results. The upper control limit
is then set in such a way resulting in an overall Type-I error
rate equal to 0.5%. The probability of triggering an alarm
for detecting worn knurls, i.e., detection power, is used as a
criterion for comparing the detection performance of afore-
mentioned three methods.

Figure 12a gives the detection power of all four meth-
ods under different correlation coefficients ρ in Scenario
I. The HOSVD-based method outperforms all other meth-
ods except when the cross-correlation among the rows is
ρ = 0.1. In this case, the FFT method performs slightly
better than HOSVD-based T 2 chart. The detection power
of the HOSVD-based T 2 chart increases with the increase
of the cross-correlation since the tensor data representation
can truly preserve the actual data cross-correlation struc-

Fig. 15 Visualization of a misaligned anvil

ture among the rows as discussed in section “Comparison of
HOSVDandPCA in capturing the correlation structure”. The
two PCA-based charts perform almost similarly in detecting
the out-of-control situation and their performance is also not
affected significantly by the amount of correlation among the
rows. As expected, the control chart constructed based on
the knurls’ heights has shown poor performance in detect-
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(a) (b)

Fig. 16 Mode-1 singular vectors obtained using HOSVD method. a First component, b second component

ing slightly-worn knurls. In Scenario II, it is observable in
Fig. 12b that the HOSVD-based T 2 chart significantly out-
performs all other methods. Based on these findings, it can be
concluded that the HOSVD-based method is a more reason-
able option for monitoring the tool wear data when a strong
cross-correlation exists.

Case study

This section presents the results of applying the HOSVD-
based method for monitoring the wear of knurls using a real
production dataset. The dataset consists of five anvils: Anvil
1 is new, and Anvils 2–5 are ordered with increasing wear
levels. The HOSVD method is used to extract the features
followed by a T 2 control chart constructed based on the
extracted features. To explain 90% of the data variability, the
number of components in Mode 1, Mode 2 and Mode 3 are
chosen as k1 = 4, k2 = 3 and k3 = 2, respectively. Hence,
the tensor scoresZ given in Eq. (3) is a 4×3×24 tensor, and
the matrix of extracted monitoring features is represented by
Z ∈ R

24×12 for constructing the T 2 control chart Fig. 13
shows the T 2 control chart for all five anvils. Each point on
the control chart represents the T 2 statistic computed for a
column of knurls on an anvil; as a result, a set of 24 points
represents one anvil. The control limit and the parameters
are estimated using the new Anvil 1 with all the 24 T 2 statis-
tics being within the control limit. Since some of the knurls
on Anvil 2 are slightly worn, there are some out-of-control
points in the chart. In Anvil 3, most of knurls are severely
and completely worn; as a result, all points are out of control,
and this is the same for Anvil 4 and Anvil 5. The aforemen-
tioned observations show that the proposed control chart can
effectively detect the worn knurls at different statuses.

To further verify the accuracy of the proposed method,
Column 56’s knurls are compared to those of Column 57
marked in Fig. 13. Since the 56th T 2 statistic is much higher
than the 57th T 2 statistic, it is expected that the knurls in the

56th Column are more worn than those in the 57th Column.
Figure 14 compares the knurls for Column 56, Column 57
and a normal knurl without any wear, in which the 4 rows of
knurls are compared separately in Fig. 14a–d, respectively.
Figure 14a, b clearly show that the knurls in Row1 andRow2
of Column 56 are completely worn. In contrast, Column 57’s
knurls are only slightly worn. The knurls of Row 3 and Row
4 shown in Fig. 14c, d do not show a significant difference in
the wear levels between Column 56 and Column 57. Hence,
it is concluded that the severe wear level in Row 1 and Row
2 is responsible for the high value of T 2 statistic in Column
56.

As discussed in section “Comparison ofHOSVDandPCA
in capturing the correlation structure”, one of the strengths
of the HOSVDmethod is its superior capability in the analy-
sis of the variation pattern for the tensor data, or specifically
in this case, explicit analysis of the cross-correlation among
different rows of knurls in an anvil. This can help provide
information regarding the knurls’ wear pattern on the anvil
and showwhether the anvil is misaligned or not. As an exam-
ple, Fig. 15 shows completely worn knurls in Row 1 and Row
2 while less wear can be seen in Row 3 and Row 4. The pro-
posed HOSVD method is applied to this anvil data using the
tensor representation. The resultant Mode-1 singular vectors
are plotted in Fig. 16, in which the first singular vector gives
an average of all four rows while the second singular vec-
tor clearly shows the negative cross-correlation of Rows 1
and 2 with Rows 3 and 4. This negative cross-correlation, as
pointed out, reflects the unusual wear pattern on the anvil due
to the misalignment in the anvil installation (Fig. 16).

Conclusion

A high-order decomposition based control chart is proposed
for monitoring the tool wear in ultrasonic metal welding
process. The proposed method has the advantage in detect-
ing slight wear in the knurls at an early stage. Furthermore,
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the HOSVD method can help find the unusual knurls’ wear
patterns among different rows of knurls in an anvil. Studying
knurls’ wear patterns on the anvil can help further identify
and remove potential causes of excessive or unusual wear of
the anvil.
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